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Why?

Size Heterogeneity

Underactuation Scheduling constraints
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Goal

Problem (Control scheduling)

Assign inputs to time slots to minimize a control cost under
budget and operational constraints.

1 2 3 4 5 6 · · · N

v1

v2

v3
...

v|V|
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The control scheduling problem

minimize
S⊆V

f(S)

subject to S ∈ C

I Vk = {vk1 , vk2 , . . . } is the set of inputs available at time k

I V = V1 ∪ V2 ∪ · · · ∪ VN

I C ⊂ 2V is a collection of valid schedules

I f is the control cost (LQR)
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The underactuated LQR

xk+1 = Axk +
∑

i∈S∩Vk

biui,k

x0 ∼ N (x̄0,Π0)

Problem (LQR)

f(S) = min
U(S)

E

N−1∑
k=0

xTkQxk +
∑

i∈S∩Vk

riu
2
i,k

+ xTNQxN


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The underactuated LQR

xk+1 = Axk +
∑

i∈S∩Vk

biui,k

x0 ∼ N (x̄0,Π0)

Solution (LQR)

f(S) = Tr [Σ0P0(S)]

PN (S) = Q

Pk(S) = Q + AT

P−1k+1(S) +
∑

i∈S∩Vk

r−1i bib
T
i

−1A
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The control scheduling problem

minimize
S⊆V

f(S)

subject to S ∈ C

I Complexity depends on the anatomy of C and f

I For arbitrary C, finding a feasible schedule can be hard

I Even for simple C (|S| ≤ s), control scheduling is NP-hard
[Natarajan’95, Zhang’17, Ye’17]
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The control scheduling problem

minimize
S⊆V

f(S)

subject to S ∈ C

1. What scheduling constraints are tractable?

Matroids

2. How close can we get to the optimal schedule?

α-supermodularity
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What scheduling constraints are tractable?

How close can we get to the optimal schedule?

When is greedy search good enough?

How good is greedy LQR scheduling?
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Scheduling constraints

minimize
S⊆V

f(S)

subject to S ∈ C

I Unconstrained problem is trivial

I Matroids

I Arbitrary C: finding a feasible schedule may be as hard as
finding the optimal one
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Matroids

I Extend the concept of linear independence to arbitrary
algebraic structures

A =


 1

0
0

 ,
 0

1
1


B =


 1

0
0

 ,
 0

1
1

 ,
 0

1
0


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Matroids

Definition
A matroid M =

(
V, I

)
consists of a finite set of elements E and a

family I ⊆ 2V of subsets of V called independent sets that satisfy:

1. ∅ ∈ I;

2. if A ⊆ B and B ∈ I, then A ∈ I;

3. if A,B ∈ I and |A| < |B|, then there exists u ∈ B \ A such
that A ∪ {u} ∈ I.
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What’s in a matroid?

I Bound on the total number of control actions:
I = {S ⊆ V | |S| ≤ s}

I Bound on the number of inputs used per time slot:
I = {S ⊆ V | |S ∩ Vk| ≤ sk}

I Bound on the number of times an input is used:

I = {S ⊆ V |
∣∣∣S ∩ {v1j , . . . , vNj }∣∣∣ ≤ sj}

I Restriction on the consecutive use of inputs:
I = {S ⊆ V | vkj /∈ S or vk+1

j /∈ S}
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Matroid intersection

minimize
S⊆V

f(S)

subject to S ∈ C

C =

P⋂
p=1

Ip such that (V, Ip) are matroids

I Not necessarily a matroid. . .

I . . . but preserves the important structures

Inheritance: schedules in C can be built element-by-element
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Greedy scheduling

Definition
Select inputs one at a time by choosing one yields a feasible
schedule

and (locally) minimizes the objective

G0 = ∅
for j = 1, 2, . . .

g ∈ V
subject to Gj−1 ∪ {g} ∈ C

Gj = Gj−1 ∪ {g}
end
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Greedy scheduling

Definition
Select inputs one at a time by choosing one yields a feasible
schedule and (locally) minimizes the objective

G0 = ∅
for j = 1, 2, . . .

g ∈ argmin
v∈V\Gj−1

f (Gj−1 ∪ {v})

subject to Gj−1 ∪ {v} ∈ C
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Matroid intersection

minimize
S⊆V

f(S)

subject to S ∈ C

C =

P⋂
p=1

Ip such that (V, Ip) are matroids

I Not necessarily a matroid. . .

I . . . but preserves the important structures

Inheritance: schedules in C can be built element-by-element

Partial augmentation: greedy schedules are large enough
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What scheduling constraints are tractable?

How close can we get to the optimal schedule?

When is greedy search good enough?

How good is greedy LQR scheduling?
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When is greedy search good enough?

minimize
S⊆V

f(S)

subject to S ∈ C

I 1/(1 + P )-optimal when f is supermodular
[Fisher’78, Conforti’84]

I LQR cost is not supermodular
[Tzoumas’16, Olshevsky’16, Singh’17, Zhang’17]
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Supermodularity

Definition (Supermodularity)

For A ⊂ B ⊆ V and u ∈ V \ B

f (A)− f (A ∪ {u}) ≥ f (B)− f (B ∪ {u})

“diminishing returns”
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α-supermodularity

Definition (Supermodularity)

For A ⊂ B ⊆ V and u ∈ V \ B

, and α ∈ R+

f (A ∪ {u})− f (A) ≤ f (B ∪ {u})− f (B)

I If α ≥ 1: f is supermodular

I If α < 1: f is approximately supermodular

I If C = {S ⊆ V | |S| ≤ s}, then f(G) ≤ (1− e−α)f(X ?)
[see, e.g., Chamon-Ribeiro’16]
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Greedy α-supermodular minimization

Theorem (Chamon-Amice-Ribeiro)

If C is an intersection of P matroids and f is normalized,
monotone decreasing, and α-supermodular, then

f(S?) ≤ f(G) ≤ α

α+ P
f(S?) < 0
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What scheduling constraints are tractable?

How close can we get to the optimal schedule?

When is greedy search good enough?

How good is greedy LQR scheduling?
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What is α for the LQR cost?

I Combinatorial problem

ᾱ = min
A⊂B⊆V
u∈V\B

f (A ∪ {u})− f (A)

f (B ∪ {u})− f (B)
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What is α for the LQR cost?

Proposition (Chamon-Amice-Ribeiro)

Let A be full rank. The LQR cost is α-supermodular with

α ≥
λmin

[
P̃
−1
1 (∅)

]
λmax

[
P̃
−1
1 (V) +

∑
i∈V0 r

−1
i b̃ib̃

T
i

] > 0

for P̃ 1(S) = HP1(S)H, b̃i,k = H−1bi,0, and H =
(
AΣ0A

T
)1/2

.
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When is α large for the LQR cost?

∑
i∈V0

r−1i,0 b̃ib̃
T
i is small and λmax

[
P̃
−1
1

(
V
)]
≈ λmin

[
P̃
−1
1 (∅)

]

I R Ï Q: large α, better guarantees

I R Î Q, the LQR cost really only distinguishes controllable
from uncontrollable sets (R = 0 ⇒ dead-beat controller)

I Also depends on the condition numbers of A and Σ0
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What is α for the LQR cost?

I |V| = 100, B = I, and R = γQ

Chamon, Amice, Ribeiro Control Scheduling Subject to Matroid Constraints 26

luizf
@seas.u

penn.edu



Guarantees for greedy LQR scheduling

I |V| = 7, B = I, N = 4 iterations, and R = γQ

P = 1 P = 2
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Guarantees for greedy LQR scheduling

I |V| = 7, B = I, N = 4 iterations, and R = γQ

P = 2 P = 3
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An example in the Amazon basin

0 400 800 1200 km

I Dispatch two agents on the Amazon river to control spill

Predetermined route

Limited # of actions

Duty cycle
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An example in the Amazon basin

I Schedule constraints

≤ 5 actuations per agent
Cool-off period ≥ 2 iterations

1 10 20

Iteration
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Conclusion

The control scheduling problem

minimize
S⊆V

f(S)

subject to S ∈ C

1. What scheduling constraints are tractable?

Matroid intersections

2. How close can we get to the optimal schedule?

Greedy LQR scheduling is
α

α+ P
-optimal
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