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Reinforcement Learning

» Recent years of Reinforcement Learning have shown big success
= Able to deal with complex systems without need of modeling
= Easy to specify =- just requires a reward signal
» Not enough =- We need to be able to work with constraints
= In general we might be interested in performing several goals
= Or satisfy operation constraints
= In general engineering problems come in the form of specifications
» In this work we consider safety constraints =- Non-convex problem
= We propose two relaxations to solve the problem
= The relaxed problem is as easy to solve as unconstrained RL

= The relaxations do not modify the performance much
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Reinforcement Learning

v

Markov Decision Process with state-action space S x A C R” x-RP

v

Where the transition probabilities satisfy the Markov property

p(se+1 | {su, au}ugt) = p(se+1 | sey.2c)

v

At each time-step the agent receives reward r5: S x A — R

v

Consider a family of distributions 7y parameterized by 0 € R?

v

We want to select the parameters that maximize the expected return

o0
t
max Es 2w, E Y ro(st, at)
0EeR?

t=0

v

We desire to learn policies that satisfy certain safety constraints
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Safe Policies

» We say that a policy mg is 1 — d; safe for a set S; C S if

P <ﬁ {sce &) \m) >1-3
t=0

» The goal is to maximize the return while remaining safe

max Es,anmg {Z v ro(sts at)]
t=0

(23

subjectto P (ﬂ{st € Sit ’7T0> >1—-6;,i=1,...,m.

t=0
» The first challenge-is that the problem is non-convex
= We can solve a_convex relaxation by solving the dual instead
» The second challenge is in computing the dual itself
=><Less obvious but the probability constraints make this difficult
= So we will relax these constraints as well

» We try to answer how much is lost in these relaxations
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The Two Relaxations Proposed

» The goal is to maximize the return while remaining safe

max Es,anmg {Z ' ro(st, at)]
=0

oeRrd

subject to P (ﬂ{st € Sit ’779) >1-6;,i=1,...,m.

t=0

» Define multipliers A € RT and write the Lagrangian as

L(O,\) = Es,anmg |:§: ",/trg(st’ ar) —|—§m: i <P (ﬁ {st € Si} ’ﬂg) —(1- 5;))
t=0 i=1 t=0

» The dual function d(\) = maxgern £(6, A) is convex on A
= Solving minxermd(A) is easy
= .Only provides an upper bound on the original problem

= Challenge: How can we compute the maximization?
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The two relaxations proposed

» The maximization of the Lagrangian relaxation is challenging

+i i <]P) (ﬁ {St S S,} ‘71’9) — (1 — 5:))
i=1 t=0

» We propose to relax the probabilistic constraints.in the following way

+i Ai <E [i’ytl (St S S:):| — 1 i'Y)
i=1 t=0

oo
. t
min maxEs a~x, E v ro(se, ar)
AERTOERN —

oo
. t
min max Es ;wr, [E v ro(st, ar)
t=0

AERT OER"

» Defining r\(s,a) = ro + Z)\,-(]l(s €Si)—cq)

i=1

AERT OER

Dp = min maxEs sur, [Zytrx(st,at)] (D)
=0

» The maximization can be solved using any RL algorithm
= Solving the problem is as easy as solving an unconstrained RL problem

» We will see that not much is lost in these relaxations
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Probabilistic relaxation

» We propose to relax the probabilistic constraints as follows

P(ﬁ{ste&}’m)> >1-46=EFE

t=0

1-96i+v

t
Z’y]l(ste&) 1_7

t=0

>

> Any policy that is 1 — §; safe satisfies the relaxation with v; =0

E [i Y1 (st €S))

t=0

1-4
11—~

=Y VP(s€S) >
t=0

» Any policy that satisfies the relaxation with v; > 0
= Can be shown to be safe until a time horizon

= Time horizon depends on how close is v; to J;
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Probabilistic Relaxation

Theorem (Paternain et al’'19)
Suppose there exists a policy m; and time horizons T; such that 7y is
(1 —~7i(1 — 7)d;)-safe for the sets S; with i = 1,...;m. Then, the relaxation
with v; = 6;(1 — v7(1 — )) vields a 1 — &; safe policy. for the sets S; up to
time T;.
» The existence of a safer policy guarantees that
= It is possible to tighten the constraint by increasing v;
= Obtain a policy with the desired safety until a given time horizon
» We also have an analogous result for episodic problems

» We have not lost much in terms of safety with the relaxation
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Constrained Reinforcement Learning

» Define ri(s¢,a:) = 1(se € Si) and ¢; = (1 — d; + vi)
» The relaxation proposed induces the following optimization problem

= Maximize the expected return while satisfying a set of constraints

Pg é gg{g VO(WQ) é Es,aw‘ﬁ() |:Z 'YtrO(St“, at):l

t=0

. = G .
subject to  Vi(mg) £ Es amy [Z Y ri(se, at)] - >0,i=1,....,m.

= R (P1)

» The dual of this problem yields the relaxation that we said we can solve

» Defining r\(s;a) = ro(s,a) + zm:A,-(r,-(s, a)) — )

i=1

oo
D} := min maxE; 5 E Era(se, ar DI
7 xemmoern T t707 (s,20) (D)

P We are left to characterize the loss of optimality in this relaxation
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Small Duality Gap

» g is an e-universal parameterization of functions 7w € P(S) if

max/ |m(als) — wo(als)| da < e
s€S J 4
Theorem (Paternain et al'19)

Suppose that r; is bounded for all i =0, ..., m by constants B,, > 0 and define
and B, = maxij=1..m By,. Let A% be the solution to the following problem

AL 2 mi Ve Ai B ).
F i T 0“”2 (v -85

If the parametrization mg is.an e—universal parametrization of functions
m € P(S) and Slater’s condition holds for (Pl), it follows that

* * * * €
Pg ZDQ ZPQ _(Bfo_l_”)‘e“lB’) 17,}/’

where P} is the optimal value of (Pl), and Dj the value of problem (DI).
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Small Duality Gap

» The better the parameterization the smaller is ¢

Py 2 Dj = Pi — (Bu + Nl B) 3=
= The closer we are from solving (PI) by. solving (DI)
» The two relaxations introduced are such that
= We can still guarantee safety if a safer policy exists
= The loss in optimality'can be made arbitrarily small
= We constructed a formulation that allows us to solve the problem

= Not harder to solve than unconstrained Reinforcement Learning
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Primal-Dual Method

» The proposed relaxations yields the following problem

)\GRﬂ oeRrRn"

Dj := min maxEs aur, |:Z’}’tr)\(5t,at):| (D1
t=0

v

Where we have defined r\(s,a) = ro + Z Ai(ri(s, a)) — ¢i)

i=1

v

Solving the maximization is not harder than solving a RL problem
If we have 6*()\) := argmax, L4(6, X)

Let us define the dual function associated to the CRL problem

vy

dg()\) = méa\x ,69(97 )\)

v

The dual function is the point-wise maximum of linear functions
= It is a convex function = Easy to solve with SGD

= Danskin’'s Theorem guarantees that Vdy(\) = V(0% ()))

= Gradient of the dual function solves the problem (DI)
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Primal-Dual Method

» Policy Gradient algorithms solve RL problems = Can compute 6*(\)
Ok+1 = Ok + 19 Vo Lo(0k, M)
» In parallel we can run the dual step
Mer1 = [A = VA L0k M),

» Typically one needs to chose 1y < 17950 A'is approximately constant

Theorem (Paternain et al'19)

If policy gradient finds.a solution 8(\) that is B-suboptimal,
L(OT (M), M) + B> L(O*(A\e), \x) Then the primal-dual algorithm converges
in K < |[Xo —Ag||° /(2n¢) iterations to a neighborhood of D}

ds (M) < Dg + O(n, B,¢€)
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Numerical Examples
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» We consider a gridworld “= Agent must navigate from left to right
= Red bridge is unsafe while blue bridge is safe
= Constrains the agent to not cross the unsafe bridge with 99%

» In this problem we can compute the global primal minimizer
= This allows us to explicitly characterize the duality gap.

» Duality gap effectively vanishes for exact minimization

» Duality gap goes to a neighborhood for a single policy gradient step.
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Numerical Examples

» The effect of parametrization on the duality gap is such that
= Duality gap increases with parametrization coarseness

= Theoretical duality gap depended on its richness
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Numerical Examples

» Consider now safe navigation in an obstacle-ridden environment
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» Constrained Reinforcement Learning learns to avoid obstacles

= Thevalue of each obstacle is given by the value of its dual variable
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Numerical Examples
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» Safety is satisfied for all obstacles and reward is maximized

» Compared with.a naive approach (black curves)
= Set the weights to the min/max values of the dual variables

= CRL outperforms and methodologically satisfies the constraints

Santiago Paternain, Miguel Calvo-Fullana, Luiz F.O. Chamon and Alejandro Ribeiro

Learning Safe Policies Via Primal-Dual Methods



Conclusions

» We need to be able to work with constraints
= In this work we considered safety constraints
» We proposed two relaxations to compute safe-policies
= Safe policies can be achieved if a safer policy exists
= The relaxation of the dual problem yields small duality gap
= The gap depends of the how rich"the parameterization is
» The relaxations yield a problem-formulation that can be solved
= Using for instance Primal-Dual methods

= As easy as solving unconstrained RL problems

Santiago Paternain, Miguel Calvo-Fullana, Luiz F.O. Chamon and Alejandro Ribeiro Learning Safe Policies Via Primal-Dual Methods



Constrained Reinforcement Learning Framework

» Let us consider a non-parametric policy m € P(S)
= Where P(S) is the space of probability measures on (A, B(A))

» In this case the Constrained Reinforcement Learning Problem is

P2 Vo(7) £ Es,anr “ro(st,
e

subject to  Vj(m) £ Esimn [Zwtri(st, at):| —¢>0,i=1,...,m
t=0
(P
» Problem (PI) upper-bounds the parametric problem = P; < P*

= Not solvable, however it is important for theoretical results

= Also holds that D < P*. Can we provide a lower bound for Dj?
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Zero Duality Gap

Theorem

Suppose that r; is bounded for all i =0, ..., m and that Slater’s condition
holds for (PIl). Then, strong duality holds for (PIl), i.e., P* = D*.

» |dea of the proof:

= Let us define the perturbation function associated to (PII)

P(&) = max Vo(7) £ Esan {Z 7 ro(st, af)}

t=0

subject'to . V() £ Es amn |:Z 'ytr,-(st, at)] >c+&,i=1,...,m.
t=0

(Pil)
=f P(§) is concave = Then zero duality holds (Fenchel-Moreau)
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Zero Duality Gap

> Define the occupation measure pr(s,a) = (1 —~) > 27 Pk(ss a)
» Construct the following problem equivalent to (PNII)

P(§) = max /s Aro(s,a)dpﬂ

~€ER ~
’ (Fil')
subject to / ro(s,a)dpr>ci+&,i=1,...,m.
Sx.A
» The set R is a convex set (Borkar'88)

» Then (P~II/) is-a_convex optimization problem

= Its pérturbation-function is concave
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