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Abstract—Graph filters are at the core of network information
processing architectures, with applications in machine learning
and distributed collaborative systems. Yet, designing filters for
very large graphs is challenging because filter design techniques
do not always scale with graph size. We overcome this by
using graphons, which are infinite-dimensional representations of
graphs that are at once random graph models and limit objects
of sequences of graphs. Explicitly, we define graphon filters and
leverage convergence properties of graph sequences and spectral
properties of both graphs and graphons to show that graph
filters converge to graphon filters. Filters designed on a graphon
can therefore be applied to finite graphs sampled from it with
guaranteed convergence properties. We illustrate our findings in
two experiments, which corroborate filter response convergence
and illustrate transferability of graph filters even in graphs that
are not related to one another through a graphon, but that are
built from the same type of data.

Index Terms—graphons, convergent graph sequences, graph
filters, graph signal processing

I. INTRODUCTION

Graph filters are central components of many network in-
formation processing tools arising from graph signal process-
ing (GSP), e.g., distributed collaborative filtering [1], and are
key building blocks in machine learning models used for
network data, e.g., graph convolutional neural networks [2],
[3]. Yet, designing graph filters has become increasingly chal-
lenging due to the scale of most real-world networks and
their often dynamic nature. This is the case, for instance, in
Internet of Things (IoT) applications, in which the number
of interconnected devices can reach the order of billions, and
where connections are typically intermittent [4].

The first issue with large-scale networks is the difficulty of
even acquiring measurements from them. Often, only a subset
of nodes can be sampled at a time. However, many applica-
tions involving both linear graph filters [5], [6] and nonlinear
architectures based on them (e.g., convolutional graph neural
networks [2]) depend on the full graph matrix representation.
Even if these networks could be efficiently measured, storing
them can be challenging, especially if they are not sparse.
While more compact representations can be achieved by using
low-rank approximations [7], obtaining these representations
can be difficult as they involve solving large eigenvalue prob-
lems [8], [9]. These issues are exacerbated in situations where
the graph dynamically grows or changes, since, unless these
changes involve structured node relabeling [3] or small pertur-
bations aligned with the original graph eigenspace [10], these
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computations need to be performed repeatedly. Otherwise, it is
not straightforward to know the effect of the filter designed for
the original graph on the modified graph.

We propose to mitigate these issues by studying “graph fam-
ilies” identified by infinite-dimensional objects called graphons
[11], [12]. Graphons are bounded symmetric kernels that
can be interpreted as both random graph models and limit
objects of sequences of graphs. The first interpretation is more
common and has been extensively used to perform random
graph model estimation [13]-[15]. The second, more relevant
to our problem, facilitates the study of properties such as node
centrality [16], network game equilibria [17], and control of
linear systems [18] on very large networks.

Explicitly, we define the concept of a graphon signal as a
specific limit of a sequence of graph signals in which both
the signal and the underlying graph grow. We then propose a
definition of linear graphon filters (Definition 2) and show that,
under mild conditions, both the frequency response and the
vertex-domain output of linear graph filters converge to them.
This result has a two-sided implication. On the one hand, it
shows that filtering a sequence of graph signals converging to
a graphon signal is equivalent to filtering the graphon signal
itself. On the other hand, it implies that we can design filters
that will be used on large or dynamic graph signals directly
on the graphon from which they arise, reducing computation
costs and increasing the filter robustness to perturbations. This
raises an interesting parallel with the design of digital filters in
classical signal processing, where it is usually easier to think
in terms of their continuous-time counterparts.

Our findings are illustrated in two numerical experiments. In
the first, we observe filter response convergence by comparing
the outcomes of a graphon signal diffusion and of a graph
signal diffusion on a sequence of sensor networks sampled from
the graphon model. This toy example can be interpreted as a
one-hop communication between sensors in an IoT network.
In the second, we use real movie ratings to train a linear filter
on a user network built from a small cohort of users, which
is then used to predict movie ratings in a larger user network.
With this experiment, we aim to illustrate a more practical ap-
plication of our results—transfer learning—on graphs that are
not necessarily related by any common generating graphon, but
that are known to be similar in an empirical or statistical sense
(e.g., built from data with the same underlying distribution).

II. PRELIMINARY DEFINITIONS
A. From graphs to graphons

We represent undirected graphs as G = (V, €, A), where V
is a set of n nodes, &€ C V x V is the set of edges
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and A : £ — 7 C R is a weight function assigning real-valued
weights A(i,7) = A(j,i) in the set Z to edges (i,5) € &.
If Z = {0, 1}, the graph is unweighted and we omit .A to write
G = (V& A) = (V,E). Graphons are bounded, symmetric,
measurable functions W : [0,1]> — [0,1]. If we consider
points u and v of the unit line to be nodes, W (u, v) can be seen
as the weight of the edge connecting v and v. Another way to
see W is as the abstraction of a graph with an uncountable
number of nodes to which sequences of graphs {G,}52,
converge in a sense that we formalize next.

To study the convergence of {G,, }, consider arbitrary graphs
F = (V',&’) that are unweighted and undirected, or simple
for short. We can think of F as a graph motif. Homomor-
phisms of F into G are adjacency preserving maps (3 :
V' — V in which (i,j) € & implies (i,5) € £. While
there are |V|V'I = n™ maps from V' to V, only some
of them are homomorphisms. Denoting by hom(F,G) =
25 i jyeer A(B(2), B(4)) the weighted sum of the total num-
ber of homomorphisms that map F into G, we can therefore
define the density of homomorphisms as [11]

HF.G) — hom(F/, G) - PP H(i,j)eé" ffl(ﬁ(l)HB(J)). )

nn nr

When G is unweighted, ¢(F, G) has a straightforward interpre-
tation because []; ;) cer A(B(7), B(j)) = 1 counts the number
of ways in which the motif graph F can be mapped into G.
The value of ¢(F, G) quantifies how often this motif appears
in G relative to the maximum number of times it could appear.

Homomorphism densities can be generalized to graphons by
replacing the sum with an integral. We define the homomor-
phism density of the graph F into the graphon W as

HF, W) = /

0,1

W(ui7uj) H d’LLi. (2)

(i,9)€&’ eV’

Using 1 and 2, we say that a sequence {G,,} converges to the
graphon W if, for all finite motifs F, it holds that

lim ¢(F, G,) = t(F, W). 3)

n—oo

Interpreting (3) is easiest when we consider graphs G,

sampled from the graphon W, which are called W-random
graphs. W-random graphs have labels u; ~ U[0, 1] drawn i.i.d.
from [0, 1], and their edges are Bernoulli random variables such
that (u;,u;) € £ with probability W (u;,u;). It can be shown
that (3) holds with probability 1 for sequences of W-random
graphs [11]. Naturally, the convergence mode in (3) also allows
for other, more general graph sequences than those consisting
of W-random graphs. As a matter of fact, every graphon is the
limit object of a convergent graph sequence and, conversely,
every convergent graph sequence converges to a graphon [11].
Thus, if the limit lim,,_,, t(F, G,,) exists, it can be written as
(2) for some limit graphon W.

B. Graph signals and graph filters

Graph signals are pairs (G, x) where G is a graph and x €
R™ is a vector mapping signal values to nodes. In graph signal
processing, G is often represented by the graph shift operator

(GSO) S € R™*™, which satisfies [S];; # 0 if and only if (¢, j)
is an edge or if ¢ = j. The GSO gets its name from the fact that,
when applied to the signal (G, x), it “shifts” (or diffuses) the
information contained in [x]; to every 1-hop neighbor of j. To
see this, notice that in [Sx]; = 27:1[3]@'%” [S];; is nonzero
only if ¢ = j or if j is in the neighborhood of 1.

The GSO induces a larger class of operations called linear
shift-invariant graph filters (LSI-GFs), which are defined as

K
H(S)x =) hSkx. “)
k=0

The weights hg, ..., h; are the graph filter coefficients. For
undirected graphs, S is symmetric and diagonalizable as S =
VAVH, where A is the diagonal matrix of eigenvalues and
the columns of V are the graph eigenvectors. Because the
eigenvectors of S form an orthonormal basis of R”—the graph
spectral basis—a change of basis can always be defined as
% = VHx. In particular, replacing S by its diagonalization in
(4) and calculating y = VHH(S)x, we get

K
y = Z hiAF% = H(A)X (5)
k=0

from which we conclude that H(S) has a spectral representa-
tion H(A) = Zf:o hi, A¥ that is polynomial on the eigenval-
ues of the GSO. This is an important result, as polynomials
can be used to approximate functions in C'°° arbitrarily well
through their Taylor series expansion. In particular, any filter
with frequency response H(\) = h()) can be written as a LSI-
GF around values of A where h is infinitely differentiable.

III. GRAPHON SIGNALS AND GRAPHON FILTERS
A graphon signal is a pair (W, ¢) where W is a graphon
and ¢ : [0,1] — R is a function mapping points of the unit
interval (i.e., the “graphon nodes”) to signal values. We focus
on finite-energy graphon signals, i.e., ¢ € Ly([0,1]). Any n-
node graph signal (G, x) induces a graphon signal (Wgq, ¢g)

Wea(u,v) = [S];; x I(u € L)I(v € I;) (6)
¢a(v) = [x]; x I(v € I) ©)

where {I;}7_, is a partition of the unit interval.

Given that there are sequences of graphs that converge
to graphons, we can analogously define sequences of graph
signals that converge to graphon signals.

Definition 1 (Convergent sequences of graph signals). A
sequence of graph signals {(G,,x,)} is said to converge
to the graphon signal (W, ¢) if there exists a sequence of
permutations {m,} such that, for all finite, simple F,

lim ¢((F,G,) — t(F,W) ®)
n—oo
ie., G, = W in the homomorphism density sense, and
Jim (|¢x, Gy — ¢llz. =0 ©)

where (Wr (G}, ®r,(G,)) is the graphon signal induced by
the permuted graph signal (7, (G,), 7 (Xy)) [cf. 6].
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A sequence of graph signals thus converges when the graphs
converge and when the step functions induced by x,, converge
to a function in Lo (up to permutations).

Every graphon W defines an integral operator Ty

Lo([0,1]) — Lo([0,1]) as
/ W (u,v)p(u)du

Since graphons are bounded and symmetric, Ty is a self-
adjoint Hilbert-Schmidt operator. It can thus be decomposed
in the operator’s basis as

v) = Z)\i%(u)SO (v)

where {\;}32,, \; € [-1,1] are the graphon eigenvalues
and {©;}2,, ¢; : [0,1] — R are its eigenfunctions, which
constitute an orthonormal basis of L ([0, 1]) called the graphon
spectral basis. Positive and negative eigenvalues are separated
by reordering A; with indices j € Z \ {0} according to
their sign and in decreasing order of absolute value, that is,
1> A >N > ..>0>...> Ao > Ay > —1.
The eigenvalues and eigenfunctions are also countable, with A;
converging to 0 as |j| — oo. Zero is the only point of
accumulation and so every A; # 0 has finite multiplicity [19].
Using (11), we can write Ty as

(Two)(v (10)

(1)

(Two)(v Zw] / pi(wpu)du  (12)
7=0
= Ngs(v (13)
~ :O 1
where @(\;) :/ w;(u)o(u)du . (14)
0

The integrals fol @;(u)p(u)du effectively project the sig-
nal (W, ¢) onto the graphon spectral basis. We write the jth
component of this projection as <;AS(/\j) .

Similarly to how the GSO diffuses graph signals to the 1-hop
neighborhood of each node, we can think of 73y as inducing
a l-step “diffusion” of ¢ on the graphon. Building upon this
parallel, we refer to Tyy as the graphon shift operator (WSO)
and use it to define linear shift-invariant graphon filters as
follows.

Definition 2 (Linear shift-invariant graphon filters).
Let (W,¢) be a graphon signal. A linear shift-invariant
graphon filter Ty : Lo([0,1]) — L2([0,1]) maps (W, )
to (W,7),

y(v) = (Tuao)(v (15)

Z h T

o) = [ W T o e
for T&L,) = Tw and T\(,\O,) := I, the identity operator. The hy

are the filter coefficients or taps.

The spectral decomposition of 7Tyy in (11) allows us to write
Ty as

(Tao)(v @i (v) a7

$

where we note that, analogously to LSI-GFs, Ty admits a
spectral representation on the graphon basis given by

K
=" hiA} for j € Z\ {0} .

k=0

(18)

Comparing expressions (5) and (18), we observe that they are
they are finite and infinite counterparts of each other. Because
the frequency response of the linear shift-invariant graphon
filter is also polynomial in the graphon eigenvalues, they too
can approximate any smooth filter response arbitrarily well.
Formally, a graphon filter with frequency response TH()\) =
h(\) can be written as the filter in Definition 2 with K — oo,
provided that h()) is infinitely differentiable at {\;};cz\ fo1-

IV. CONVERGENCE OF GRAPH FILTER RESPONSES

Herein we show that the spectral and vertex responses
of graph filters with filter function h(\) converge to the
respective filter responses of the graphon filter with same filter
function h(\). We start by showing this convergence in the
spectral domain (Theorem 1). This result follows directly from
an eigenvalue convergence result proved in [20][Theorem 6.7]
and reproduced here as Lemma 1.

Lemma 1 (Eigenvalue convergence [20][Theorem 6.7).
Let {G,} be a sequence of graphs with eigenval-
ues {A;j(Sn)}jez\{o}» and W a graphon with eigenval-
ues {\;(Tw)}jez\ f0}- Assume that in both cases the eigen-
values are ordered by decreasing order of absolute value and
indexed according to their sign. If {G,,} converges to W, then

lim L (Sn)

n— 00 n

= \j(Tw) forall j . (19)
Theorem 1 (Convergence of graph filter spectral response).
For the graph sequence {G,}, let H,,(S,,) be a sequence of
filters of the form H,(S,) = V,h(A,(S,)/n)VH. For the
graphon W, define the filter Ty : LQ([O 1)) — Lo(]0,1))

where (Tu¢)(v) = > 72, B (Tw)d(0)@s (v). I (G}
converges to W and h : [0,1] — R is continuous, then
Tim L0 (S)/m) = Ta(\(Tw)) . (0)

Proof. Since G,, — W, from Lemma 1 it holds that
Aj(Sn)/n — Aj. Because h is continuous, this implies
h(X;(8y)/n) — h(/\ ), which completes the proof. O

Theorem 1 is an important result because states that we can
design filters with a certain spectral behavior on the graphon
and expect a similar spectral behavior when the same filter is
applied to a large graph sampled from the graphon. However,
it gives no filter behavior guarantees on the vertex domain, i.e.,
for the output of the filter. Vertex domain convergence can be
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Figure 1: Norm difference between S,x, and Swxw in-
terpolated at {u;}?_,. Three graphons were considered: ER
(W(u,v) = 0.4), SBM (W(u,v) = 0.8 if u,v € [0,0.5]
or u,v € [0.5,1], W(u,v) = 0.2 otherwise), and geometric
(W(u,v) = exp(—2.3(u—v)?)). The diffusion output has been
normalized for every n.

established for Lipschitz graph and graphon filters, whose filter
function h(\) satisfies

[A(A) = R(N)|| < LIIA = X (21)

and for non-derogatory graphons.

Definition 3. A graphon W is non-derogatory if A\; # A; for
all i # j and i,j € Z \ {0}.

Filter response convergence in the vertex domain is formally
stated in Theorem 2, whose proof can be found in [21].

Theorem 2 (Convergence of filter response for Lipschitz
continuous graph filters). Let {(G,,y»)} be the sequence
of graph signals obtained by applying filters H, (S,) =
V., h(An(S,)/n)VH to the sequence {(G,,x,)}, and
let (W,~) be the graphon signal obtained by applying the
graphon filter (Tuo)(v) = Z;’il h(Aj)o(Aj)pj(v) to the
signal (W, ¢), where W is non-derogatory. If {(G,,x,)}
converges to (W, ¢) and the function h is Lipschitz continuous,
then {(G, yn)} converges to (W, ) in the sense of Definition
1.

Theorems 1 and 2 can be leveraged to simplify the design of
graph filters on a family of graphs related to the same graphon
(e.g., graphs sampled from the graphon). If the graphon is
known, we can substitute the design of multiple filters in
different graphs for the design of a single graphon filter from
which graph filters can be later “sampled” by evaluating h()\)
at each graph’s eigenvalues. This is especially valuable in the
case of large graphs or graphs that grow, for which repeating
eigenvalue computations can be costly or unfeasible.

When it is possible to identify two graphs as belonging to the
same class (i.e., as having the same generating graphon), these
results also suggest the possibility of using a filter designed
for one of these graphs on the other to approximately obtain

Number of users
K 50 100 200 400 600 800 Base
1 9.70% 4.70% 1.90%  0.45% 0.17% 0.04% 0.77
2 | 22.30% 20.47%  14.42% 5.48% @ 2.22% 0.37% 0.72
3 | 28.17%  13.58% 3.47% 0.32% 0.41% —0.12% | 0.65

Table I: Relative RMSE difference for rating prediction based
on K = 1,2, 3 filters obtained from 50, 100, 200, 400, 600 and
800-user networks, w.r.t. to the base RMSE of filters obtained
from the full user network.

the desired behavior. Transfer learning—the ability to transfer
a learned architecture from one support to another—is a topic
of growing interest in signal processing and machine learning
[22]-[25]. Using the intuition provided by Theorem 2, we
illustrate it in the experiments of Section V.

V. NUMERICAL EXPERIMENTS

A. GMRF diffusion on sensor networks

In this experiment, we simulate a Gaussian Markov Random
Field (GMRF) measured and diffused on different sensor
networks to analyze convergence of the filter H(S) = S. This
could be thought of an example of 1-hop information exchange
between sensors in an IoT network. A graph signal (G, x) is
a GMRF on G if x ~ N (p,, Xx) and X is given by

Bk = lao* (I - aS)~H[(I - aS)~']" (22)
where the covariance matrix is calculated after sampling G
from a random graph model for the sensor network, from which
we obtain S. Three random graph models, or graphons, are
considered: Erdos-Rényi (ER), stochastic block model (SBM),
and soft random geometric graph.

To simulate a graphon GMREF, we approximate the graphons
as matrices Syy, obtained by evaluating each random graph
model on 10% x 10* regularly spaced points of the unit square.
The graphon GMREF is then obtained by sampling xw € R10*
from the zero-mean multivariate Gaussian with covariance
matrix given by (22) for S = Sw. In order to observe
convergence, we need to compare the outcome of the diffusion
of the graphon GMRF with the outcome of the diffusion
of a m-node graph signal sampled from it, for increasing n.
This is done by uniformly sampling points {u;}!" ; from the
unit line and generating graphs G,, where nodes i and j are
connected (i.e., [S,];; = 1) with probability W (u;,u;). The
corresponding graph signals (G,,,x,) are then generated by
interpolating xvw at each wu,.

We calculate the diffused graph signals S,,x,, and interpolate
the approximation of the diffused graphon signal Syyxw at
{u;}" . To compare them, we compute their norm difference
for increasing values of n. The average norm differences over
100 realizations of the graphon GMRF xw are graphed in
Figure 1. We observe that, for all graphon models, the norm
differences decrease with n. This indicates that the vertex
response of H(S) = S converges as the graphs G,, grow,
corroborating the result of Theorem 2.
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B. Movie rating prediction via user-based graph filtering

In this experiment, we use a linear graph filter approach
to predict ratings given by U = 943 users to M = 1682
movies in the MovieLens 100k dataset [26], which consists of
100,000 movie ratings ranging from 1 to 5. This problem can be
interpreted as a network problem if we look at the movie ratings
as graphs signals on top of a user similarity network. This
network is constructed by computing correlations between user
ratings to movies that pairs of users have rated, and connecting
the top-40 nearest-neighbors. Each movie’s rating vector is then
a graph signal where user ratings are matched to nodes of the
graph and where the value of the signal at nodes corresponding
to users who have not rated the movie is 0.

By interpreting a movie’s incomplete rating vector as a graph
signal, we can think of the problem of predicting ratings as a
problem of graph information processing and, indeed, a number
of graph-based recommender systems have been proposed in
the literature [1], [3], [27]. We focus on the method introduced
in [1], which solves an optimization problem to find the optimal
filter coefficients of a linear graph filter as in equation (4). Our
objective is to find these coefficients using the ratings from a
smaller network of users, and observe how the resulting graph
filter generalizes when predicting ratings in the complete user
network.

On user subnetworks of size ranging between U = 50 and
U = 800 nodes, we obtain the optimal filter coefficients of
filters with K = 1, 2 and 3 filter taps. Then, we compare the
RMSE obtained by predicting ratings using the filters designed
on the smaller networks versus the filters designed on the full
network. The relative RMSE differences and the base RMSE
(obtained from the filters calculated using the full 943-user
network) are shown in Table I. For a network with U users, the
reported RMSE difference corresponds to that of the average
among filters designed on |943/U | different networks. The U
users were picked at random.

From Table I, we observe that the RMSE difference de-
creases as the network size increases for all values of K. For
K =1 and K = 3 in particular, the relative RMSE difference
is less than 1% for filters designed on networks with under
half the total number of users in the dataset. These results
show that graph filter transferability, proved in Theorems 1 and
2 for graphs and graphons, is not restricted to graphs related
through some common statistical model; it can also be observed
in real-world settings, where graphs are built from data that is
empirically or statistically similar in some sense.

VI. CONCLUSIONS

In this paper, we have introduced the concept of a graphon
filter to facilitate the design of graph filters on very large
graphs. Using the convergence properties of graph sequences
and the spectral properties of graphs and graphons, we were
able to show in Theorems 1 and 2 that the response of
graph filters converges to that of graphon filters in both the
spectral and vertex domains. These findings were illustrated
in experiments where we were able to numerically verify
filter response convergence and, additionally, to see that filter

transferability can be observed even in graphs that are similar

because they are built from the same type of data, and not

necessarily because they are related through a graphon.
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