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Abstract—Adaptive networks (ANs) rely on local adaptive

filters (AFs) and a cooperation protocol to achieve a common

goal, e.g., estimating a set of parameters. This protocol fuses

the information from the rest of the network based on local

combiners whose design impacts directly the network perfor-

mance. Indeed, although diffusion schemes improve network

performance on average, heterogeneity in signal statistics implies

that indiscriminate cooperation may not be the best policy

for good nodes. In this work, these observations lead to the

introduction of different concepts of spatial universality which

motivate a new adaptive combiner structure. The goal of the

new combiner is to enforce that the cooperative AFs perform at

least as well as the best individual non-cooperative AF, without

discarding information from other nodes. The new structure

has lower complexity and outperforms existing techniques, as

illustrated by simulations. Network learning analysis is also

provided.

Index Terms—Adaptive network, Diffusion, Adaptive filtering,

Spatial universality

I. INTRODUCTION

Adaptive Networks (ANs) consist of a pool of agents
or experts—called nodes—that estimate a set of parameters
using cooperative adaptive filters (AFs) operating on local
data. Information from neighboring nodes is aggregated by
means of combination weights and the result is explored by
the local AF [1]–[7]. Originally, these combiners were fixed
and weighting rules such as the uniform and the relative-
variance [2], [5] were used to explore spatial diversity.

Since the introduction of the diffusion AN, several adaptive
combiners have been proposed attempting to improve its
performance, such as the adaptive diffusion [2], the MSD
combiner [8], the least-squares (LS) adaptive combiner [9],
the switching combiner [10], and the neighbor-selective com-
biner [11]. At the expense of additional computational com-
plexity, network global performance improves, but not neces-
sarily at every individual node.

Inspired by concepts from the context of universal predic-
tion [12] and combination of adaptive filters [13], this work
addresses the idea of universal estimation in the AN scenario
by proposing a new adaptive combiner that promotes spatial
universality, enforcing that individual nodes do not lose when
cooperating with their peers.

II. ADAPTIVE NETWORKS

In an N -node AN, the n-th node attempts to estimate
an unknown M ⇥ 1 vector of parameters wo using an AF
and a local data pair {d

n

(i), u
n,i

}, where u
n,i

is an 1 ⇥ M

regressor vector and d
n

(i) is a scalar measurement. The
network topology is captured by an undirected graph whose
adjacency matrix is A = [a

mn

], where a
mn

= 1 if node m
and n are connected to each other and a

mn

= 0 otherwise.
In standard diffusion ANs, a combining matrix C is defined

over matrix A which explores spatial diversity by fusing
estimates from neighboring nodes [2]. Node n’s neighborhood
is the set of nodes it is connected to excluding itself, i.e.,
N

n

= {` 2 1, . . . , N : a
n`

= 1}, and its cardinality
D

n

= |N
n

| is known as node n’s degree. Each node in
a standard diffusion LMS AN [2] updates a previous local
estimate w

n,i�1 of wo by

 
n,i�1 = c

nn

w
n,i�1 +

X

`2Nn

c
`n

w
`,i�1 (1a)

w
n,i

=  
n,i�1 + µ

n

u⇤
n,i

[d
n

(i)� u
n,i

 
n,i�1], (1b)

where µ
n

is a scalar step size and c
mn

is an element from
C representing the diffusion weight attributed by node n
to node m. This formulation is sometimes referred to as
CTA (Combine Then Adapt). An alternative formulation, the
ATC (Adapt Then Combine), can be obtained by simply
exchanging  $ w and changing the output variable. Given
that both formulations are equivalent [7], the original CTA
from [2] is used in this work.

The performance of ANs can be improved by changing
the adaptive rules at the nodes [3], [9]. Another possibility
is to enhance the combination step (1a), for instance by using
time-varying combiners c

mn

(i) (resulting in a time-varying
C

i

). The first of these techniques was the adaptive diffusion
network (ADN), introduced together with the diffusion AN
in [2]. Inspired by combinations of AFs, only one adaptive
convex combiner ⌘

n

(i) per node is used

 
n,i�1 = ⌘

n

(i)w
n,i�1 + [1� ⌘

n

(i)]�
n,i�1, (2)

with �
n,i�1 =

P
`2Nn

c
`n

w
`,i�1.

Pursuing a set of D
n

time-varying combiners per node,
[8] used a local approximation of the node’s Mean-Square
Deviation (MSD)—MSD

n

(i) = E kw
n,i�1 � w

o

k2—to drive
the combination weights (MSD combiner). Also adapting the
c
mn

(i) individually, an LS adaptive combiner (LS combiner)
was introduced in [9], however adapting the AFs indepen-
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dently of the rest of the network. Explicitly,

 
n,i

=  
n,i�1 + µu⇤

n,i

[d
n

(i)� u
n,i

 
n,i�1]

P
n,i

=

iX

j=i�L
�
n

(i� j)�y
n

(j)�yT
n

(j)

z
n,i

=

iX

j=i�L
�
n

(i� j)�y
n

(j)e
n

(j),

(3)

where �y
n

(i) = [u
n,i

(w
`,i�1 �  

n,i�1) ]`2Nn is a D
n

⇥ 1

vector, �
n

(k) is a length L windowing function—rectangular
in [9]—, and the elements of C

i

are evaluated from g
n,i

=

P�1
n,i

z
n,i

as c
`n

(i) = g
n,i

[`], for ` 2 N
n

, c
nn

(i) = 1�1T g
n,i

,
and 0 otherwise.

Most of these works improve performance over the orig-
inal diffusion AN, though not without issues. The original
ADN, despite its simplicity, only provides small gains in a
handful of scenarios [2]. The MSD combiner is effective at
reducing the global network misadjustment, albeit at slower
convergence rates and with extra computational complexity,
requiring O(D

n

M2
) multiplications per node if D

n

⌧ M .
The LS combiner requires O(D3

n

L) operations and memory
for O(D

n

L) elements to compute and invert P
n,i

, not scaling
well with network size and connectivity; besides, P

n,i

is ill-
conditioned (nearly singular) during most of the AN operation,
compromising robustness, a fact already noticed in [9].

III. TOWARDS SPATIAL UNIVERSALITY

Three fundamental properties are desired for an AN: (i) abil-
ity to shield itself from poor estimates, or “rejecting” a poor
node whose direct use may degrade its peers; (ii) ability to
exploit exceptional nodes, so that their local estimates enhance
their neighborhoods; and (iii) node performance homogeneity,
as having better network (global) average performance, with
some nodes much worse than others, may compromise the
targeted application. In summary, a node should not lose
from cooperating. In many ways, the concepts from universal
estimation and AFs combinations, when interpreted in the
(spatial) distributed case, capture such desiderata, as explained
in the sequel.

To begin with, in the AN literature the network average
performance is commonly used as a figure of merit to study
cooperation strategies. As such, when the SNR is heteroge-
neous across the network, with direct cooperation eventually
deteriorating the individual performance of some nodes [2],
[6], local steady-state mean-square performance is more ad-
equate, and in this work the aforementioned local MSD

n

is
adopted as figure of merit (We consider here only steady-state
or asymptotic universality).

In combination of AFs, a pool of experts (the AFs) observe
the same data pair {d(i), u

i

} and present their estimates to a
supervisor in charge of generating good estimates. The overall
system, or the supervisor output, is said to be mean-square
universal within the class spanned by the AFs if it performs
at least as well as the best individual AF in the mean-square
sense.

 

 

Output
filter

Figure 1. The feedback output filter combiner

In the space-time AN context, considering the N nodes as
experts observing N local data pairs {d

n

(i), u
n,i

}, the AN
would be declared spatially universal, with respect to its non-
cooperative counterpart, if every cooperative node performed
at least as well as the best non-cooperative node in the entire
network. If the AFs reported to a central supervising node,
or in a fully connected network, it would be straightforward
to promote spatial universality. In a distributed scenario, with
nodes accessing only their neighbors, it is more intricate. The
following definitions are relevant to study the problem.

Definition 1 (Local universality). A node n of an AN is said
to be locally universal when is at least as good as the best
node m 2 N

n

in its neighborhood.

Definition 2 (Universality with respect to the non-cooperative
strategy). An AN is said to be universal with respect to the
non-cooperative strategy when for all nodes n 2 {1, . . . , N} it
holds that n performs at least as well the best non-cooperative
AF in the network.

IV. A SPATIAL UNIVERSALITY PROMOTING COMBINER

The proposed combiner is constructed in two fundamental
steps. First, a simple and robust cooperation protocol that
decouples network learning from node learning, enforcing
local universality within each neighborhood (Def. 1). Second,
a simple multihop procedure to propagate good estimates
throughout the AN (Def. 2). The new algorithm is collected
in (4) and explained in the sequel.

�
n,i�1 =

X

`2Nn

c
`n

w
`,i�1, (4a)

w
n,i

= ⌘
n

(i) 
n,i�1 + [1� ⌘

n

(i)]�
n,i�1, (4b)

a
n

(i) = a
n

(i� 1) + µ̄
a,n

u
n,i

( 
n,i�1 � �

n,i�1)

⇥ e
n

(i)⌘
n

(i)[1� ⌘
n

(i)], (4c)
 
n,a

= �
Ln(i)wn,i

+ [1� �
Ln(i)] n,i�1, (4d)

 
n,i

=  
n,a

+ µ
n

u⇤
n,i

[d
n

(i)� u
n,i

 
n,a

], (4e)

where a
n

(i) is limited to [�4, 4]; ⌘
n

(i) = [1 + e�an(i�1)
]

�1;
e
n

(i) = d
n

(i) � u
n,i

w
n,i

; µ̄
a,n

= µ
a,n

/ [p
n

(i) + ✏], with
a scalar step size µ

a,n

and p
n

(i) = �
n

p
n

(i � 1) + [1 �
�
n

] |u
n,i

( 
n,i�1 � �

n,i�1)|2, 0 ⌧ �
n

< 1;  
n,a

denotes the
a priori coefficients; L

n

is the cycle length of node n; and
�
Ln(i) = 1 if i = rL

n

for some r 2 N and �
Ln(i) = 0

otherwise. Note that L
n

is deterministic and constant, allowing
for efficient implementations of the feedback strategy [13].

Equation (4b) introduces the concept of output filter (Fig. 1),
or local supervisor, which is an evolution of [2]; it enforces
local universality (Def. 1) as each node protects its estimation
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process from an underperforming neighborhood. The local
estimate is taken as the output filter’s, instead of the local
AF’s. The combination parameter ⌘

n

is chosen to minimize
some function of e

n

(i) = d
n

(i) � u
n,i

w
n,i

—typically the
Mean-Square Error (MSE) as in (4c).

Equation (4a) combines the neighborhoods output filters
from the previous iteration, injecting the result in the local
output filter. This implements a network-level feedback, so
that the local universal node is combined with locally universal
nodes form adjacent neighborhoods, distributing the estimates
of exceptional nodes to the entire network (Def. 2), instead of
confining them into their neighborhoods.

The spatial universality promoted by Algorithm (4) is an
important improvement over standard diffusion ANs, whose
individual cooperative nodes are sensitive to the signals’
spatial diversity in arbitrary scenarios [2], [6]. Compared
to the algorithms in Section II, (4) has considerably lower
complexity, with the advantage of scaling linearly with the
network connection density—i.e., with D

n

.
Finally, although Alg. (4) decouples network learning and

node adaptation, the node-level cyclic feedback in Eq. (4d)
allows local AFs to improve their convergence using the
estimates from other filters in the network, as in the original
diffusion schemes—see Section VI. The feedback is cyclical
so as not to deteriorate the steady-state performance of the
AN, or stall the combiner adaptation—as argued in [13]. Note
that, for L

n

! 1, the node learning is fully decoupled from
the network—as in [9]—and for L

n

= 1, a solution similar to
the adaptive diffusion (1b) is recovered.

V. NETWORK LEARNING

A complete mean-square analysis of the ANs in (4) is
demanding, so this section analyzes the network learning
dynamics assuming the nodes have learned, i.e., the AFs
have converged. If the nodes adapt independently (L

n

! 1
in (4d)), this is reasonable and allows the combiner impact to
be studied unaffected by the AFs transient behavior.

To do so, recall that MSD
n

(i) = E kw
n,i�1 � w

o

k2 and
assume that M = 1 and wo

= 0. These assumptions
simplify the derivations and clarify the effects of interest with
no loss of generality. Consider then that every node of the
network is operating at steady-state. Under these conditions,
the local node estimates  

n,i

can be modeled as i.i.d. Gaussian
random variables whose variances represent the steady-state
MSD of each node. Explicitly,  

i

= [ 1,i · · ·  
N,i

]

T ⇠
Normal(b, R ), where b is an N⇥1 vector of node biases and
R = E  

T is the N ⇥ N covariance matrix of the node
estimates. Note that R is not assumed to be diagonal, so that
it can account for correlation between the nodes estimates.

Under this model, a global network recursion for (4) reads

W
i

= H
i

 

i�1 + (I �H
i

)CTW
i�1 (5)

A
i

= A
i�1 +

¯M
a,i

H
i

(I �H
i

)Y
i�1Wi

, (6)

where W
i

= col{w
n,i

},  
i

= col{ 
n,i

}, A
i

= col{a
n

(i)},
and ¯M

a,i

= diag{µ̄
a,n

} are N ⇥ 1 vectors; Y
i�1 =

diag

�
CTW

i�1 � i�1

 
and H

i

= diag{[1 + e�an(i�1)
]

�1}

are N ⇥N matrices; and I is the identity matrix. Notice that,
to be consistent with (4a), the diagonal of C in (5) and (6) is
0—i.e., c

nn

= 0.

A. The effect of network-level feedback

To better understand the importance of the network-level
feedback in (4), this section compares the effect of the global
output filter with and without feedback. The case without
feedback is obtained by replacing W

i�1 by  
i�1 in (5)

W
i

= H
i

 

i�1 + [(I �H
i

)CT

] 

i�1. (7)

This is as if the nodes distributed their local estimates  
n,i

,
as in the adaptive diffusion (2). This resulting network is
equivalent to a standard diffusion AN (1) with combination
matrix ˇC

i

= H
i

+ (I �H
i

)CT , i.e., with adaptive c
nn

.
In contrast, using network-level feedback yields

W
i

= H
i

 

i�1 +

i�1X

k=1

i�k�1Y

j=0

⇥
(I �H

i�j

)CT

⇤
H

k

 

k�1

+

i�1Y

k=0

⇥
(I �H

i�k

)CT

⇤
 0, (8)

which depends on local estimates and combiners from the
entire network. By propagating w

n,i

, the nodes can take
advantage of information beyond their neighborhoods. As
indicated by the second term in (8), this information traverses
the network in a multihop fashion. By comparing (7) and (8)
the limitations of the adaptive diffusion from [2] and the
advantages of network-level feedback become clear.

B. Network learning behavior

The following derivations provide insights into the effect
of the combiner adaptation on network learning. To do so,
assume that (A.1) the variance of {⌘

n

(i)} is small enough that
EH

i

⇡ diag{[1 + e�E an(i�1)
]

�1} =

¯H
i

and E[H2
i

] ⇡ ¯H2
i

;
and (A.2) {⌘

n

(i)} varies slowly enough compared to w
n,i

so
that E[H

i

W
i

] ⇡ ¯H
i

E[W
i

]. These assumptions are commonly
used in the analysis of combinations of AFs and give good
agreement simulations—see Section VI [13].

Defining K
i

= EW
i

WT

i

and ¯W
i

= EW
i

, one gets from (5)

¯W
i

=

¯H
i

b+ (I � ¯H
i

)CT

¯W
i�1 (9a)

K
i

=

¯H
i

(R + bbT ) ¯H
i

+ (I � ¯H
i

)CT

¯W
i�1b

T

¯H
i

+

¯H
i

b ¯WT

i�1C(I � ¯H
i

) (9b)
+ (I � ¯H

i

)CTK
i�1C(I � ¯H

i

)

where A.1, A.2, and the fact that { 
i�1, Hi

} are independent
were used. Under A.1 and A.2, only ¯A

i�1 is required to
evaluate ¯H

i

in (9). Thus, taking the expected value of (6),

¯A
i

=

¯A
i�1 + E

¯M
a,i

¯H
i

(I � ¯H
i

)K
i

, (10)

where K
i

is an N ⇥ 1 vector with elements K
i

[n] = [1 �
⌘
n

(i)]cT
n

K
i�1cn�⌘n(i)(�2

n

+b2
n

)+[2⌘
n

(i)�1]cT
n

(

¯W
i�1 �b),

c
n

is the n-th column of C, b
n

is the n-th element of the
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Figure 2. Networks used in the simulations
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Figure 3. Network learning dynamics. Rejecting a bad node: Network
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p
0.1 ]T , µ

a,n

= 0.4,
✏ = 10�2; Exploiting an exceptional node: Network in Fig. 2b, R =
diag{[10�2 10�2 10�2 10�2 10�4 ]}, b = 0, µ

a,n

= 0.2, ✏ = 10�3.
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Figure 4. New combiner without node-level feedback. For all simulations:

Network in Fig. 2c, �2
x,n

= [0 � 3 � 12 � 10 � 9 � 10 � 4 � 4] (dB),
↵
n

= [0.4 0.1 0.2 0.7 0.9 0.5 0.5 0.7], M = 5, µ
n

= 0.1/M , �
n

= 0.9.
Rejecting a bad node (i): �2

v,n

= 10�2 for all nodes except �2
v,3 = 10�1,

µ
a,n

= 0.01, ✏ = 10�3; Exploiting an exceptional node (ii): �2
v,n

= 10�2

for all nodes except �2
v,8 = 10�3, µ

a,n

= 0.1, ✏ = 10�3.

bias vector b, �2
n

is the n-th element of the diagonal of
R , and � denotes the Hadamard product. Recall that the
elements of ¯A

i

are limited to the interval [�a+, a+]. Also,
E

¯M
a,i

⇡ M
a,i

diag

�
(p̄

n,i

+ ✏)�1
 

with p̄
n,i

= ⌫
n

p̄
n,i�1 +

(1� ⌫
n

)[ c
n

K
i�1c

T

n

� 2c
n

(

¯W
i�1 � b) + �2

n

+ b2
n

].
The first thing to notice from (9) and (10) is that when C

follows the uniform rule [14], (9a) displays a consensus step
CT

¯W
i�1 that distributively averages estimates from the entire

network. The {⌘
n

(i)} are in fact selecting between pure node
learning and pure network learning ANs. However, instead of
hard switching between these two states—similar to [10]—
or using the information from other nodes selectively—as
in [11]—it combines both learning methods in a weighted
fashion. Finally, notice that the adaptation (10) depends on K

i

,
whose n-th element compares the aggregated performance of
N

n

with the performance of node n, namely �2
n

+ b2
n

.

VI. SIMULATIONS

Data for all simulations are taken from the zero mean
Gaussian i.i.d. sequences {x

n

(i)} and {v
n

(i)} with variances
�2
x,n

and �2
v,n

. The input regressor u
n,i

collects the realizations
u
n

(i) = ↵
n

u(i � 1) +

p
1� ↵2

n

x(i). Network MSD curves
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ulations: Network in Fig. 2d, NLMS, M = 50, �2
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= 1, ↵
n

= 0,
SNR ⇠ Uniform(20, 30) (dB); Cluster 1 (1, 3, 4, 6, 8, 10, 11, 12, 14,
15): µ

n

= 0.1; Cluster 2 (2, 5, 7, 9, 13): µ
n

= 1. MSD supervisor:

⌫
n

= 0.8, ✏ = 10�3 [8]; LS combiner: L = 500 [9]; Feedback output

filter: µ
a,n

= 0.8, ✏ = 10�3, �
n

= 0.9, L
n

= 200.
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ulations: Network in Fig. 2d, �2
x,n

= 1; Cluster 1 (1, 3, 4, 6, 8, 10,
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v,n

= 10�2, ↵
n

= 0.3; Cluster 2 (2, 5, 7, 9, 13):
�2
v,n

= 10�1, ↵
n

= 0.8; M = 50, µ
n

= 0.1/M . MSD supervisor:

⌫
n

= 0.8, ✏ = 10�3 [8]; LS combiner: L = 500 [9]; Feedback output

filter: µ
a,n

= 0.9, ✏ = 10�2, �
n

= 0.9, L
n

= 400.

are averaged across the nodes MSDs. All curves are ensemble
averages of 100 realizations.

The network learning analysis from Section V is illustrated
in Fig. 3 (Left: network average MSD, simulations and theory
(9); right: steady-state MSD per node), which shows the
network (i) rejecting a highly connected biased node and
(ii) exploiting an exceptional node with low degree—node 5
in Figs. 2a and 2b, respectively. The new protocol does fulfill
the desiderata (Section III) in such challenging scenarios.

In Fig. 4, again the bad and good nodes have high and low
degree, respectively, and AFs are zero-started with no node-
level feedback (L

n

! 1). Note that the standard diffusion
is not universal by Def. 2, although the AN with the new
combiner is. With node-level feedback (L

n

= 200), Fig. 5
compares the new AN with the MSD combiner and the LS
combiner in a scenario from [9]. The advantage is clear.

The scenario in Fig. 6 also compares (4) to the MSD
combiner [8] and the LS combiner [9], and it is similar to the
complex network from [9], in which there are two clusters of
nodes with different performances. Here, however, the node
statistics are not homogeneous and there is no difference
in the AFs step sizes. The network used is the same as
in [8] (Fig. 2d). Due to node-level feedback, the network under
the new combiner displays a fast initial convergence with a
steady-state error comparable to that under the MSD combiner.
What is more, it has significantly lower complexity. Finally,
the robustness issues of the LS combiner are clear from its
learning curve, which is also observed in Fig. 5.
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