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ABSTRACT

Graph filters play a fundamental role in graph signal processing.
In practice, however, the finite precision nature of digital computers
introduces numerical errors that can hinder their performance and
jeopardize their usefulness. To mitigate these effects, this work in-
vestigates the numerical behavior of graph filters in finite-precision
arithmetic. It derives a closed-form expression for the variance of
the quantization noise at the filter output and shows how the filter
coefficients interact with the spectrum of the shift operator to affect
the numerical performance of graph filters. Based on these results,
the paper then provides an optimally weighted shrinkage regularizer
that can be used to design filters robust to quantization errors. Bit-
accurate experiments illustrate the performance of different designs
and show the importance of considering numerical effects when de-
signing graph filters.

1. INTRODUCTION

Graph signal processing (GSP) sets out to extend traditional signal
processing techniques to irregular data structures [1, 2]. The corner-
stone of the GSP generalization is the notion of graph shift opera-
tor, which is a generic way of denoting matrix representations of a
graph—such as adjacency and Laplacian matrices—, that we inter-
pret as a generalization of the time shift. In the same way as linear
time invariant filters are defined in the time domain, linear shift in-
variant filters are defined in GSP as those that are invariant with re-
spect to the application of the graph shift. The design and distributed
implementation of polynomial, multirate, and ARMA graph filters is
a fundamental problem in GSP which has found application in sen-
sor networks and image processing among other domains [2–8].

As in classical signal processing, these filters are realized by
finite-precision machines, such as general purpose processors,
GPUs, or FPGAs. Regardless of the specific medium, finite pre-
cision arithmetic introduces quantization errors that affect the filters
output and can lead to catastrophic results even when using high
precision. These potential issues are well-known in classical signal
processing [9–11]. To the extent that time-domain filters are par-
ticular cases of graph filters, these problems are at least as bad in
GSP. In fact, it is not difficult to see that they are actually worse.
This is because the effect of graph filters depend on powers of the
eigenvalues of the shift operator, which may amplify quantization
errors. This is different from the case of time invariant filters where
the shift does not inherently alter the values of the signal.

An illustration of the numerical sensitivity of graph filters is
shown in Figures 1 and 2. In this example, a “matched” low-pass
filter is designed to detect a bandlimited signal (see Section 5 for
details). The graph spectrum and filters responses are shown in
Fig. 1. Note that the shift operator is well-conditioned (κ < 5)
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Fig. 1. LDA using graph filters: spectral responses.
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Fig. 2. LDA using graph filter: detection performance in single pre-
cision (32 bits floating-point).

and that the filters designed using simple least squares (LS) and our
robust method match the desired graph frequency response equally
well. In fact, when implemented in the spectral domain using eigen-
value decomposition (EVD), the area under the receiver operating
curve (AUC) obtained using these filters is larger than 0.99. How-
ever, when implemented as polynomials numerical errors consider-
ably degrade the detection performance for the LS design, as evi-
denced by Fig. 2. In fact, the AUC becomes as low as 0.9 with false
positive rates as high as 20% when using the LS filter. Using the
robust method from Section 4, however, yields false positive rates
lower than 0.2%.

In view of these issues, this paper sets out to answer two ques-
tions: (a) how does finite precision affect graph filters? and (b) how
to mitigate these effects? To answer (a), we use a quantization noise
model to estimate the magnitude of the numerical errors at the out-



put of graph filters implemented in fixed-point arithmetic. We then
quantify the effects of the filter coefficients and the shift operator
spectrum on the numerical performance of graph filters (Section 3).
Based on these results, we formulate the problem of designing nu-
merically robust filters as a regularized convex optimization problem
that explicitly minimizes the output quantization errors and provide
an answer to question (b) by solving this problem in a numerically
stable fashion (Section 4). Finally, we illustrate the advantages of
this design method in bit-accurate experiments.

2. GRAPH FILTERS AND QUANTIZATION NOISE

A graph signal is a signal that comes with a graph. Formally, a
graph signal is a pair (G,x), where G is a weighted graph with
node set V of cardinality |V| = n and x = [xi]i∈[n] is an n × 1
vector that collects the samples of the signal. Underlying this pair
is a bijection ρ : V → [n] (i.e., an ordering) that maps the nodes
in V to samples in x. Thus, the value of the signal x on node u ∈ V
is xρ(u). We assume throughout that ρ is fixed.

Instead of the graph itself, GSP typically studies its matrix repre-
sentation S ∈ Rn×n, called the graph shift operator to mirror classi-
cal signal processing. Common choices include the adjacency matrix
or one of the discrete Laplacians [1, 2]. We assume that S is consis-
tent with the signal vector x in the sense that they employ the same
permutation ρ of the nodes in V . For S is diagonalizable, the graph
Fourier transform of a graph signal x is defined as x̃ = V −1x,
where S = V ΛV −1 is the EVD of S. To make the exposition
more concise, we assume the eigenvalues of S are real-valued.

The shift S induces a class of operators called filters. In this
work, we focus on linear shift-invariant filters which are the coun-
terpart of linear time-invariant filters in traditional signal processing.
This class of filters is isomorphic to matrix polynomials in S [2],
i.e., the output y of such filter for an input x can be written as

y =

(
L−1∑
k=0

hkS
k

)
x, (1)

where {hk} are the filter coefficients and L is the filter length. It is
sometimes convenient to collect the filter coefficients into the L× 1
vector h = [h0 . . . hL−1]T . We assume without loss of generality
that L < n. Indeed, due to the Caley-Hamilton theorem, there exists
a polynomial of order strictly less than n equivalent to any analyt-
ical function of the matrix S [12]. In practice, it may be advanta-
geous to implement (1) recursively, in which case it becomes y =
c0
∏L−1
k=1 (I + ckS)x, with h0 = c0 and hk = c0 ·

∑(C
k

)
, 1 ≤

k ≤ L − 1, where C = {cn} and
(C
k

)
is the set of all products of k

elements of C.
Having specified that graph filters are of the form (1), the coef-

ficients h uniquely determine the filter response. Hence, designing
a filter reduces to determining the coefficients that yield a desired
spectral response d. This can be written as the problem of finding
the vector h that satisfies

d = Ψh, (2)

where Ψ is a Vandermonde matrix whose nodes are the eigenval-
ues of the shift operator. Explicitly, for λi denoting the i-th eigen-
value of S, we have [Ψ]ij = λj−1

i . When the eigenvalues of S
are distinct, Ψ is full rank and there always exists a unique solution
to (2). Otherwise, approximate designs can be obtained by minimiz-
ing ‖Ψh− d‖2 or some alternative fit measure [6]. In some cases,
the coefficients can also be designed using Chebyshev polynomials
as in [3].

Remark 1. The system of equations in (2) is extremely ill-
conditioned. Indeed, the condition number of a generic Van-
dermonde matrix grows exponentially with its dimension. Thus,
designing graph filters using (2) is prone to errors even for mod-
erately sized n. Interestingly, this is not the case of filter design
in the time domain because Ψ is a Fourier matrix. Fourier ma-
trices belong to the reduced set of Vandermonde matrices that are
well-conditioned [13].

2.1. Fixed-point arithmetic and quantization noise

In pratice, the graph filter (1) is realized by a finite-precision ma-
chine, i.e., one that can only represent a finite set of numbers Q.
When an input or the result of an operation z is not in Q, the ma-
chine replaces it by the closest representable number z̄ ∈ Q. This
process, called quantization, introduces a round-off error q to almost
every computation. Formally, we write

z̄ = z + q. (3)

Although quantization is typically a deterministic map, q can be
modeled as a random variable independent of z under mild condi-
tions [14]. For this reason, q is sometimes called the quantization
noise.

The statistical characteristics of q depend on the set Q, i.e., the
number representation used by the machine. In this work, we fo-
cus on fixed-point representations and leave the study of floating-
point ones for future work. Also, we assume in what follows that all
machines are binary and employ the usual two’s complement with
zero number format [10]. Fixed-point numbers are specified by the
length of their integer (B) and fractional (K) parts. For concise-
ness, we write QB.K to denote a fixed-point number represented
by B +K + 1 bits with one sign bit, B bits for the integer part, and
K bits for the fractional part. SinceK is constant, the binary decimal
point is “fixed”. Then, Q = {k2−K : k ∈ [−2B+K , 2B+K − 1]}
and q can be modeled as a random variable uniformly distributed
in
[
−2−K−1, 2−K−1

]
, assuming B is large enough to avoid satu-

ration. In other words, for −2B ≤ z ≤ 2B − 2−K in (3). The
realizations of q are assumed across quantizations [14].

3. GRAPH FILTERS IN FIXED-POINT ARITHMETIC

In this section, we study the effects of quantization on graph fil-
ters. To reflect how calculations are typically carried out by proces-
sors, each multiplication and addition pair is grouped into a single
multiply-and-accumulate (MAC) operation. Hence, we quantize af-
ter every MAC instead of each individual arithmetic operation. This
mimics the common process of using a double precision register for
MACs and quantizing the result only for memory storage [10, 14].

To proceed, note that (1) can be carried out in two steps: the shift
operator application (xk = Sxk−1) and the filter MACs (

∑
hkxk).

This suggest that graph filters can be written as a linear dynamical
system, so that we can account for quantization in (1) by writing

x̄k+1 = Sx̄k + vk (4a)

ȳ =

L−1∑
k=0

hkx̄k + w (4b)

where x̄k and ȳ are the quantized versions of Skx and y, respec-
tively, x̄0 = x, and {vk,w} are n× 1 random vectors representing
the overall quantized arithmetic effect of each step. Note that vk,w
are sums of independent random variables (the quantization noises q)



and are therefore not uniformly distributed. Their statistics depend
on the number of operations that occurred in each step. From (4)
and the quantization noise model from Section 2.1, we obtain the
following result:

Proposition 1. Consider a graph filter as in (1) of length L and
coefficients {hk} whose underlying graph shift operator S is diago-
nalizable with eigenvalues {λp}. In QB.K arithmetic with B large
enough to avoid overflow, the quantization noise at the output filter
is a zero-mean random variable qy with variance

E ‖qy‖22 =
(
L+ ‖PH‖2F

)
nσ2, (5)

where σ2 = 2−2K/12, P contains the first L − 1 columns of Ψ,
and H is the (L − 1) × (L − 1) Hankel matrix of the filter coeffi-
cients {hk}k≥1. Explicitly,

P =

1 λ1 . . . λL−2
1

...
...

. . .
...

1 λn . . . λL−2
n

 , H =

 h1 . . . hL−1

...
. . .

...
hL−1 . . . 0

 .

Proof. The solution to the dynamical system (4a) is given by [15]

x̄k = Skx +

k∑
`=1

Sk−`v`−1,

so that (4b) becomes

ȳ =

L−1∑
k=0

hk(Skx +

k∑
`=1

Sk−`v`−1) + w

= y +

L−1∑
k=1

k∑
`=1

hkS
k−`v`−1 + w. (6)

According to (6), the quantized filter output can be written as the full
precision output corrupted by a filtered noise qy = y − ȳ. Imme-
diately, E qy = 0, since vk and w are sums of zero-mean random
variables, namely q from (3).

To obtain (5), we evaluate the variance of qy . Explicitly,

E ‖qy‖2 = E

∥∥∥∥∥
L−1∑
k=1

k∑
`=1

hkS
k−`v`−1

∥∥∥∥∥
2

+ 2

L−1∑
k=1

k∑
`=1

hk EwTSk−`v`−1 + E ‖w‖2 .

(7)

To simplify (7), start by recalling that the effects of different
quantizations are i.i.d. Since vk and w are zero-mean it holds
that EwvTk = Evkv

T
` = 0, for k 6= `. Hence, after inverting the

order of the summations in the first term of (7) we obtain

E ‖qy‖2 =

L−1∑
`=1

E

∥∥∥∥∥
L−1∑
k=`

hkS
k−`v`−1

∥∥∥∥∥
2

+ E ‖w‖2

=

L−1∑
`=1

Tr
(
T`Cv,`T

T
`

)
+ Tr (Cw) , (8)

where T` =
∑L−1
k=` hkS

k−`, Cv,` = Ev`v
T
` , Cw = EwwT , and

we used the fact that ‖x‖2 = Tr(xxT ).
We now proceed by evaluating the covariances of vk and w.

First, notice that since the quantization noise is independent across

quantizations, both Cv,` and Cw are diagonal matrices and their
variance depends only on the number of operations at each step.
From (4b), it is ready that it takes L MACs to calculate each ele-
ment of ȳ. Assuming S and x̄ are full matrices—the worst case
scenario—, each element of x̄k+1 in (4a) requires n MACs to be
evaluated. It therefore holds that Cv,` = nσ2I and Cw = Lσ2I
with σ2 = 2−2K/12. Using these values in (8) gives

E ‖qy‖2 =

L+

L−1∑
`=1

∥∥∥∥∥
L−1∑
k=`

hkS
k−`

∥∥∥∥∥
2

F

nσ2. (9)

Finally, let S = V ΛV −1 be the EVD of S where Λ =
diag(λp) is its eigenvalue matrix. Since the Frobenius norm is
invariant under similarity transformations [12], we can write (9) as

E ‖qy‖2 =

L+

L−1∑
`=1

∥∥∥∥∥
L−1∑
k=`

hkΛ
k−`

∥∥∥∥∥
2

F

nσ2. (10)

Notice that the summation inside the norm in (10) is the convolution
between the sequences {hk} and {λkp}. Using the filter Hankel form,
the second term of (10) can be written in matrix form to yield (5).

�

Using Proposition 1, we can write the output of a graph filter in
fixed-point arithmetic as ȳ = y + qy , in terms of its full precision
output y and a zero-mean random variable qy whose variance is
given in (5). Equivalently, (5) establishes the MSE incurred from
using fixed-point arithmetic instead of full precision. In contrast to
classical signal processing, the quantization error is affected by both
the filter coefficients (H) and shift operator (P ). This is due to the
fact that the “classical shift” (directed cycle) is lossless, in the sense
that its applications do not change the value of the signal. When S is
the directed cycle, P is a Fourier matrix and (5) depends only on H
because PHP = nI .

We can identify two sources of quantization error in (5). The
first one is related to the filtering operation in (4b) and depends only
on the filter length L. Hence, shorter filters are less prone to finite-
precision effects. The second one is related to the successive appli-
cations of the shift operator in (4a) and depends on an interaction
between the filter coefficients and the spectrum of S. Thus, reduc-
ing the magnitude of the filter coefficients and eigenvalues of S also
reduces the quantization errors. Note that, as expected, the overall
MSE grows linearly with the size of the graph signal n.

These observations suggest three situations in which graph fil-
ters are susceptible to numerical issue: (i) short transition band;
(ii) large spectral gains; and (iii) large shift operator spectral ra-
dius. The first situation also occurs in classical signal processing:
abrupt transitions of the filter response require higher-order poly-
nomials (large L) which increase the output quantization error. In
GSP, however, the frequencies are no longer equally spaced. Hence,
shift operators with dense spectra are more prone to this issue. In
contrast to (i), (ii) and (iii) are issues exclusive to GSP. By (ii) we
mean the amplification of small eigenvalues and/or attenuation large
eigenvalues of the shift operator. Using the total variation order-
ings from [1, 16, 17], these are low-pass filters on graph Laplacians
and high-pass filters on adjacency matrices. Such filters require
larger coefficients, which leads to an increase in round-off errors.
As for (iii), graph shift operators with large eigenvalues contribute
considerably to increasing the output quantization noise, especially
when their spectral radii are larger than one. These situations do



not arise in the time domain because the shift is isometric, i.e., all
eigenvalues have magnitude one.

In the sequel, we put forward a design solution that mitigates
these issues and explicitly reduces the output quantization error.

4. ROBUST GRAPH FILTER DESIGN

Given the central role of the shift operator spectrum on the numer-
ical properties of graph filters, it is worth noting that appropriately
choosing the underlying graph is a crucial step towards robustness
to finite precision. Since this is not always possible, this section
describes a coefficients design method to mitigate the quantization
effects without changing S.

To do so, note that the second term in (5) is convex with respect
to h. Therefore, we can explicitly minimize the output quantization
noise by solving the penalized convex problem

minimize ‖d−Ψh‖22 + η2
(
h2
0 + ‖PH‖2F

)
. (11)

Note that (11) includes regularization for coefficient h0 even though
it does not directly affect (5). This improves the stability of the de-
sign solution and accounts for the fact that a large zero-th order term
would require additional integer bits to avoid overflow.

For any given filter length L, (11) allows us to explicitly mini-
mize the output quantization error and design graph filters more ro-
bust to finite-precision arithmetic. Although it would seem that we
should choose the shortest filter possible, the filter length and co-
efficients magnitude can interact in non-trivial ways: shorter filters
may require larger coefficients to achieve the same design accuracy
leading to numerically inaccurate filters. The best way to deal with
this issue is therefore to design filters of different lengths and use the
design with the smallest (5). This is typically not an issue since the
complexity of solving (12) is O(n3).

For this robust design method to be effective, (11) must be
solved in a numerically stable manner. Otherwise, we may need
to increase η2 and trade-off fit to deal with large coefficients. This
is particularly challenging in this case due to the fact that Ψ is
generally ill-conditioned (see Remark 1). Moreover, the smallest-to-
largest entry ratio of Ψ often exceed the machine precision by sev-
eral orders of magnitude, especially for large L or ill-conditioned S.
Solving (11) using a generic quadratic solver can therefore be un-
stable even for moderately sized n [13, 18, 19]. Hence, we propose
using a stable iterative solver such as LSQR, a standard conju-
gate gradient-based regularized solver for ‖Ax− b‖22 [20]. The
following proposition writes problem (11) in this form.

Proposition 2. Problem (11) is equivalent to

minimize

∥∥∥∥[Ψ

ηQ̂

]
h−

[
d
0

]∥∥∥∥2
2

, (12)

where Q̂ is the Cholesky decomposition of Q given by

Q =

[
1 0T

0 Q̄

]
with Q̄ =

[
n∑
p=1

min(i, j)λi+jp

]
.

Proof. The Frobenius norm in (11) expands to

‖PH‖2F =

n∑
p=1

L−1∑
`=1

(
L−1∑
k=`

hkλ
k
p

)2

=

n∑
p=1

L−1∑
`=1

L−1∑
i=`

L−1∑
j=`

hihjλ
i+j
p

 .

Exchanging the order of the summation in the brackets yields for
each p

L−1∑
`=1

L−1∑
i=`

L−1∑
j=`

hihjλ
i+j
p =

L−1∑
i=1

L−1∑
j=1

min(i, j)hihjλ
i+j
p . (13)

Using (13), the objective of (11) can be written as

‖d−Ψh‖22 + η2hTQh

for Q as in (12). It is straightforward that this expression is equal to
the objective of (12). �

5. EXPERIMENTS

Before illustrating the fixed-point arithmetic results from the previ-
ous sections, we provide more details about the introductory exam-
ple from Figs. 1 and 2. The graph with n = 100 nodes was obtained
by simulating a typical covariance matrix by randomly choosing an
orthogonal matrix V and selecting a spectrum with two rates of de-
cay: λ1 = 1, λp = 0.95λp−1 for p ∈ [2, 10], and λp = 0.99λp−1

for p ≥ 11. We then sparsify the resulting matrix by setting to zero
all elements with magnitude lower than 10−2 and normalize the re-
sult so that the largest eigenvalue is one. Using this graph, we set out
to detect a bandlimited signal whose spectrum is given by the filter
response in Fig. 1. This signal is embedded in a white Gaussian noise
with covariance matrix σ2

nI , σ2
n = 10−1. The detector is based

on thresholding the output power of a matched graph filter, which
is equivalent to performing linear discriminant analysis (LDA). The
method is implemented in 32 bits floating-point arithmetic (IEEE
754 single or binary32 [21]), ubiquitous in general purpose proces-
sors and GPUs. Results shown in Fig. 2 are obtained from 2000 sig-
nal realizations, half of which contain only noise, and for filters de-
signed by solving (2) (LS design) and using (12) with η = 10−6 (ro-
bust design). All designs are obtained using LSQR.

We now turn to our fixed-point results. Since bit-accurate simu-
lation is slow and computationally intensive, we use graphs with n =
20 nodes. The graph signals x are taken to be realizations of an i.i.d.
zero-mean Gaussian vector with unit variance so as to excite all the
graph modes. First, we choose a random orthogonal V with the
spectrum shown in Fig. 3a. Besides the LS and robust designs, we
also show results for a simple shrinkage design that uses Q̂ = I
in (12). The variance of qy is estimated based on 100 realizations of
graph signals and displayed in Fig. 3b. Note that due to the large gap
between the eigenvalues in the passband and those in the stopband
of the filter, this is a simpler design scenario. Still, using the weight-
ing from (12) reduces the output quantization noise by up to 8 dB
compared to the shrinkage design.

We conclude by illustrating some limitations of the quantiza-
tion noise model from Section 2.1. To do so, we build a geometric
graph by positioning the nodes uniformly at random in a unit square
and connecting two nodes if their Euclidian distance is less 0.3. We
normalize the resulting shift operator (adjacency matrix) so that its
maximum eigenvalue is 1.2 (Fig. 4a) and design filters that attenu-
ate all except the five frequency bands with largest magnitude (η2 =
10−11). Since ‖S‖ > 1, the elements of Sk grow considerably
as k increases and i.i.d. uniform quantization noise is no longer a
suitable error model. Moreover, the wordlength must be doubled
simply to avoid overflow saturation. Still, the design technique from
Section 4 can be used to reduce the overall numerical errors of the
graph filter (Fig. 4b). Once again, though simple shrinkage improves
the filter numerical performance, the optimal weights from (12) yield
from 2 to 20 dB reductions in the output quantization noise variance.
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Fig. 3. Design example in signed Q13.18: (a) graph spectrum and filter responses; (b) output quantization MSE [(5) in dashed curves].
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Fig. 4. Design example in signed Q43.20: (a) graph spectrum and filter responses; (b) output quantization MSE [(5) in dashed curves].

6. CONCLUSION

As graph filters become central pieces of GSP applications, it be-
comes increasingly important to understand and improve their nu-
merical properties. In this work, we have shown that graph filters are
sensitive to numerical errors by quantifying the effects of the filter
coefficients and the shift operator spectrum on the output quantiza-
tion noise for fixed-point implementations. Using these results, we
then put forward a robust design method that explicitly minimizes
these round-off errors and illustrated its performance. In the future,
it is worth extending these results to floating-point arithmetic and in-
vestigate methods to design numerically robust graph shift operator.
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