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Functional nonlinear dictionaries

» Dictionary has a continuum of atoms

D={F(,5):RxR’| B cQcR}

» Atoms are (nonlinear) functions

» Sparse representations

k

g=> F(x;,5)

1=1

Chamon et al. Sparse recovery over nonlinear dictionaries 2



3 questions

» WHY functional nonlinear sparse models?
» WHY NOT functional nonlinear sparse models?

» HOW (if even possible) do we solve problems with them?
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Functional nonlinear models: why?

» The physical world is continuous
and nonlinear

» Linearity doesn't get you there

m Super-resolution

m Robustness
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Application: nonlinear spectral estimation

Problem

Given samples from a mixture of few saturated sinusoids,
determine their frequencies, amplitudes, and phases.

» Prototypical super-resolution problem: beamforming,
radar, MRI. ..
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Functional nonlinear models: why not?

» Nonlinear models are hard (non-convex problems)
® linearization

® linear-in-the-parameters models (e:g., RKHS)

» Functional models are infinite dimensional
m discretization

B structure
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3 questions

» WHY functional nonlinear sparse models?

» WHY NOT functional nonlinear sparse models?
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Sparsity: why?

» Epistemological reasons

» Measurement and
computational costs

> Interpretability
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Sparsity: why not?

» Sparse models are hard (non-convex, often NP-hard)

m convex relaxation (discrete case)

» Minimize the £1-norm (atomic norm)
> If the measurements are “incoherent” (NSP, RIP/REP),
the relaxation yields the sparse solution

m convex relaxation (continuous case)

» ‘Minimize Li-norm or total variation
> RIP-like “incoherence” conditions guarantee the relaxation
yields the sparse solution

Chamon et al. Sparse recovery over nonlinear dictionaries 9



3 questions

» HOW (if even possible)-do we solve problems with them?
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3 questions

» HOW (if even possible)-do we solve problems with them?
= Solution: duality
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Roadmap
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In words. . .
Variational problems that seek sparsest functions, i.e., functions
with minimum support measure.
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In words. . .
Variational problems that seek sparsest functions, i.e., functions
with minimum support measure.

> Lo’ X[, = msupp(X)] = [ TLX(B) £ 0]dp

= Continuous counterpart of the “lg-norm” (not a norm!)

)
X(5) JL\
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mi}I}ien%ize /QFO [(X(B),B1dB + M| X ||,

subject to g;(z (P-SFP)

z—/F 1dB

» Fy is an optional regularization, e.g., shrinkage: HXHiZ
» g; are convex losses, e.g., MSE, -LL, hinge loss

» F'.is a vector-valued nonlinear model, e.g., F' € D
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Application: nonlinear spectral estimation

mipimize |.X|z, + AllX]L,
m

subject to 2(% — )2 <e (PI)

Gi=B /0 © PIX (@) cos(2mpt:)] di

v

(yi, t;) are the measurements values and instants

v

p models the saturation

v

X and B control sparsity and approximation

) 4

e is the fit slack (= mo?)
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minimize /Q Ry [X(8),8]dB + A|| X |z,

subject to g;(z (P-SFP)

z—/F 1dg

» Roadblocks:
m Non-convexity = eenvex—relaxation
m_|nfinite dimensionality = diseretization
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Roadmap
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SFP: The dual problem

» The primal problem (P-SFP)

mi)I}iEH%iZG /QFO [(X(B),8]dB+ A|X|,

subject to g;(z (P-SFP)

z—-/F
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SFP: The dual problem

» The dual problem of (P-SFP)

e dln) = i, L 2R gep)
X(B)eP

L(X, 2, i) = /Q Fy [X(8). 8] dB + M| X[,

+uT( QF[X(ﬂm]dﬂ—z)

+ Zyigi(z)

)
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Duality

> Why?
m (D-SFP) is convex and finite dimensional
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Duality

> Why?
m (D-SFP) is convex and finite dimensional

» Challenges
m Non-convexity. = solving (D-SFP) # solving (P-SFP)
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Strong duality

Theorem

If Fy, F, and X do not contain atoms and.Slater’s condition holds,
then strong duality holds for (P-SFP),i.e., if P is the optimal value
of (P-SFP) and D is the optimal value of (D-SFP), then P = D.

Corollary
We can obtain a solution of (P-SFP) from a solution of (D-SFP).
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Duality

» Why?

m (D-SFP) is convex and finite dimensional

» Challenges
® Non-convexity.= strong duality
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Duality

» Why?

m (D-SFP) is convex and finite dimensional

» Challenges

® Non-convexity.= strong duality
m Can we even evaluate d?
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SFP: The dual problem

» The dual problem of (P-SFP)

e dln) = i, L 2R gep)
X(B)eP

L(X, 2, i) = /Q Fy [X(8). 8] dB + M| X[,

+uT( QF[X(ﬂm]dﬂ—z)

+ Zyigi(z)

)
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Duality

> Why?
m (D-SFP) is convex and finite dimensional

» Challenges

m Non-convexity. = solving (D-SFP) # solving (P-SFP)
m Can we even evaluate d? Yes (separability)

N
N
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Roadmap
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Nonlinear spectral estimation: typical solution

» SNR =10 dB
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Nonlinear spectral estimation: MSE vs. SNR
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What else?

» Other applications:

m robust classification [Chamon et @k, ArXiV]
®m RKHS methods [Peifer et al.) Wednesday, MLSP-P7.2]

» Other non-convexities
B neural networks, [Eisen et al., Friday, SPCOM-P4.1]
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Conclusion

» WHY functional nonlinear sparse models?

» WHY NOT functional nonlineax_sparse models?

» HOW ((if even possible) do we solve problems with them?
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Conclusion
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Conclusion

» WHY functional nonlinear sparse models?

m Functional nonlinear sparse models are versatile tools
with a myriad of applications

» WHY NOT functional nonlineax_sparse models?

m Lead to non-convex and-infinite dimensional
optimization problems: SFPs

» HOW ((if even possible) do we solve problems with them?

m_SFPs can be solved exactly and efficiently using
duality
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Application: nenlinear spectral estimation

Problem
Given samples from a mixture of few saturated sinusoids,
determine their frequencies, amplitudes, and phases.
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Application: nenlinear spectral estimation

Problem
Given samples from a mixture of few saturated sinusoids,
determine their frequencies, amplitudes, and phases.

» Classical solutions:
m MUSIC (eigen-method)

m AST (atomic norm relaxation)
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Nenlinear spectral estimation: typical solution

» SNR=10dB
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Nonlinear

spectral estimation:
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SFPs and Li-norm minimization

Proposition
Consider the problem
P, = i X
4 Join | HLq
subject to  g;(2)

z—/F Blds
|X|<T ae

Py

Under mild conditions on F', Py = T
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SFPs # Li-norm minimization

min [|X]],,

|X|<T
/8 2 UL hi(B)
subject to —2z|l <0and z= ! X(8)d
jeto ||| s | - IR AARCL
ha(B)
1
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SFPs # Li-norm minimization

min X
min X,

subject to H [ r/s ] —z
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SFPs # Li-norm minimization

min X
min X,

subject to H [ r/s ] —z

I 1
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Strong duality

Theorem

Under Slater’s condition holds, strong duality holds for (P-SFP),

i.e., if P is the optimal value of (P-SFP) and D is the optimal
value of (D-SFP), then P = D:.
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Proof recipe

(i) Show cost-constraint set C is convex
C= {(c,z) ’ IX € X with X(8)e P

sit. ¢ = fo(X )andz—/F[X 3), ]d,@}

(i) C convex = perturbation function is convex

(iii) Convex perturbation function = strong duality
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Application: nonlinear spectral estimation

Proposition
For fixed a, t, and f,

B /02 p [ X' () cos(2met)] dp — placos(2mft)] as B — oo.

X'(p)

A

a..

o
. 1 . 1
-5 I*tp
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