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* Model-free framework for decision-making in Markovian settings
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« (P-RL) can be solved using policy gradient and/or Q-learning type algorithms
(W92, WD'92, BT'96, KT'00, JFEPF'14, HKSC'15, NFPIY'15, AJFR'17, PP'18, SB'18, B'19, KCP'19...]
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+ MDP: S (state space), A (action space), p (transition kernel), r; : S x A — [0, B] (reward)
« P(S): space of probability measures parameterized by S

« T (horizon) and y < 1 (discount factor)
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Find a control policy that navigates the environment effectively and safely ®
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Problem D

Allocate the least transmit power to m device pairs to achieve a communication rate ®
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Allocate the least transmit power to m device pairs to achieve a communication rate ®
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Allocate the least transmit power to m device pairs to achieve a communication rate ®
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Problem . ¢
Find a policy that maximizes the time in R, while monitoring R, and R at least 1/3 of the time each N
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Problem ¢

Find a policy that maximizes the time in R, while monitoring R, and R at least 1/3 of the time each
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Find a policy that maximizes the time in R, while monitoring R, and R at least 1/3 of the time each g
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RL C CRL =

Proposition °)
There exist environments in which every task cannot be unambiguously described by a reward ®

[Calvo-Fullana, Paternain, Chamon, and Ribeiro, IEEE TAC'24] 13
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Proposition (o)
There exist envirenments in which every task cannot be tnarmbi ly-deseribed-by-a-reward
(MDPs) (occupation measure) (induced by a unique 7* that maximizes a reward)
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Proposition (o)
There exist envirenments in which every task cannot be tnarmbi ly-deseribed-by-areward
(MDPs) (occupation measure) (induced by a unique 7* that maximizes a reward)
« There are tasks that CRL can tackle and RL cannot
L maximize Vp(m)
maximize V() < €P(S)
subject to V() > ¢
(]
= Regularized RL cannot solve all CRL problems i
3
+ How can we tackle CRL problems?
<
®
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[Bhatnagar et al., JOTA'12; Tesler et al., ICRL'19; PCCR, NeurlPS'19:
Ding et al., NeurlPS20; PCCR, IEEE TAC'23 ....]
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@ Domain independent
@ Tractable
© Approximation guarantee [non-convexity]
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@ Domain independent < No hyperparameters tuning
@ Tractable <= Equivalent to solving a sequence of unconstrained RL problems

© Approximation guarantee < H*=P* i .
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Proposition (®)

There exist envirenments in which every task cannot be trarmbi ly-deseribed-by-areward
(MDPs) (occupation measure) (induced by a unique 7* that maximizes a reward) ° ¢
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« There are tasks that CRL can tackle and RL cannot

imize 1 maximize  Vo(m)
maximize V(7 wEP(S)

e Ve < @
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subject to  Vi(m) > ¢; 0

= Regularized RL cannot solve all CRL problems
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+ Reward shaping (o)
© Manual, time-consuming, @
domain-dependent (o]

© Trade-offs, training plateaux

Prior knowledge
e.g., safe exploration [Berkenkamp et al., NeurlPS'17, Dalal et al., arXiv'18]
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© Requires set of safe actions or safe policies
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. 1 Intractable projections
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T [
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« Linearization and convex surrogates i
e.g., CPO [Achiam et al., ICML'17] ‘
© No approximation guarantee
© Approximate problem may be infeasible d
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Theorem
If there exists 7' € P(S) such that V;(n') > ¢; foralli = 1,...,m, then D* = P* (strong duality). i

« There is some sort of hidden convexity in CRL = Occupation measure

[Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23]
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Occupation measure o, 0
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« The occupation measure of a policy 7 is the (averaged) probability of visiting each state-action pair

S (s.0) @
pr(s,a) = Z'yt Ps,ann (st =s,a; = a,) > w(als) = _Pm50) o,
o C
=0 pr(s,a)da
A

« The value functions V;(7) can be written as an expectation with respect to the p,.

Esann Y'ri(se, ac) | = Vi(m) o< V(pr) = Es e [1i(5,0)] .
=0 . (]
:/ ri(s,a)px(s,a) dsda i
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= The value functions Vi(p-) are linear with respect to the occupation measure p %

.
®

17

o @, .
. ® ..
A non-proof of strong duality Y e @ g 8
&
. ¢
T—1
P* = Wg‘;lé) Vo(m) = Esamn [Z; ’Ytl‘n(sx,ag):| Py = I,?ﬁ% Volp) = / ri(s,a)p(s,a)dsda ®
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T-1 ) .
s.to Vi(m) = Esann Z Yri(sea)| >¢ s.to Vi(p) = [ ri(s,a)p(s,a)dsda > ¢

=0

(P* =P}) (strongly dual)

« CRL is non-convex in policy space, but /inear in occupation measure space

« CRL in occupation measure space has no duality gap (LP) (; 4
Py =D = min max Vo(p) + A(Vi(p) = ¢) :
®
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« Epigraph of CRL in occupation measure is convex ®' *

C, = {[Vo(ﬂ)?VL(V)} for some p € R}

[Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23] 19
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« Epigraph of CRL in occupation measure is convex @~

Pr— D C, = {[Vn(ﬂ);‘ﬁ(p)} for some p € 72}
oy =12y
c « Epigraph of CRL in policy need not be convex
o
‘ 14 Cc= {[Vn(w); Vi(m)] for some 7 € P(S)} »
1
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CRL is non-convex in policy space, but /inear in occupation measure space
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A non-proof of strong duality S @@ &
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s.to Vi(m) = Esamn Z Yri(sea)| > e s.to Vi(p) = [ ri(s,a)p(s,a)dsda > ¢

t=0

# (P*=P}) + (strongly dual)

« CRL is non-convex in policy space, but linear in occupation measure space

« CRL in occupation measure space has no duality gap (LP) 2
Py =D, = min max Vo(p) + A(Vilp) = c) .ﬁ
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« Epigraph of CRL in occupation measure is convex @~

C,= { [Vo(p); Vi(p)] for some p € R}

« Epigraph of CRL in policy need not be convex
[

C= {[Vo(w); Vi(m)] for some 7 € P(S)}
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Epigraphs are “convex” in different ways °* . @ @ &
e o
P1 .
s @,
PO e ! S N
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P1 :
apo+(1—-a)pr % ™ ©O
po Toe o ¢
R P(S)
Vo Vo
Py £ Dj P* £ D*
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V(npl +(1—a)pz) =aV(p)+ (1 —a)V(p2) «
Strong duality in practice o e \\ ‘ 5 S
e ‘

T-1

P*=D"=min max E,.ur
AZ0 7eP(S)

t=0

« Strong duality in policy space P(S) despite Vo () and V () being non-convex

[Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23]

Duality gap of parametrized CRL .

Theorem
Let 7o be v-universal, i.e.,

min max 7(als) — we(als)|da < v, forallm € P(S
0 "/ (als) (‘)‘( . (S)
hen,

b 5,

[Pt Dj| =A< L+[IAY
1—-v

{Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23]

Duality gap of parametrized CRL .

Theorem
Let 7o be v-universal, i.e.,

min max
0c0 ses

/ |w(als) — o (als)|da < v, forallw € P(S).
A

Then,

Py =as X

Sources of error

parametrization richness () requirements difficulty (\})

[Paternain, Chamon, Calvo-Fullana, Ribeiro, NeurlPS'19; Pate

ain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23]
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1 T-1 1 T—1 L]
P*=D"= Tz“g max Esanr | 5 va"ro(m-,m)] +AEsanr [T va'n(m-,m)] ©r‘
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1 T—1 1 T-1
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« Strong duality in policy space P(S) despite Vi () and V () being non-convex i
« Butin practice, policies are parameterized (g) %
= Introduces a duality gap A because standard parametrizations are not convex 4
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Theorem D
Let ¢ be v-universal, i.e., @C
g\;g max /A |7r(u\s) - wg((z\s)‘da <v, forallm € P(S). e ¢
Then,

|[P*—Dj| =A< v
L ]
Sources of error %

parametrization richness (v) 4
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Theorem D
Let ¢ be v-universal, i.e., @C
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Sources of error %
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CRL algorithms
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Primal-dual algorithm . G
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1 T-1 T-1 o)
Dy = max Es,anmg Tzfm(s‘,m)] + A | Esanng |:7Z'ytr1(shav,):| ©o
t=0 t=0 . Q

« Maximize the primal (= vanilla RL)

o' e argmax Es anmg

=0

rac(8,a) = 1o(s, @) + Aeri(s, a)

TS’) nk(swlr)]

®
. “e @,
In practice... Yoo @ &
B
= = \®)
Dy = x;l:{]n max Es.anmg T ;w‘m(s‘,a«,)] +2A <1E_¢,,,~,rg [ Z;’Ytrl(st,ﬂt)] - m) ©o

« Maximize the primal (= vanilla RL): {s:, a:} ~ 7o,

T-1
1
O =Ox+11 | E 77 (s, a0) | Ve log (me(aolso))
t=0

* Update the dual (= policy evaluation): {s;,a:} ~ ma,

T-1
Akp1 = |:)\k *ﬂ( Z "ri(se,ar) — 1)}
=0 +

Dual CRL o,

Theorem
The state-action sequence { s, a; ~ 7'(Ax)} generated by dual CRL is

N

-1
. 1
(i) almost surely feasible: hm T ri(se,a¢) > ¢; as., foralli

iivg!

g ©

—1 32
Tu(sz,at ] >pro

(i) near-optimal: TangC]E[ 2

M

i.e., is a solution of the CRL problem

[Paternain, Chamon, Calvo-Fullana, and Ribeiro, NeurlPS'19; Calvo-Fullana, Paternain, Chamon, and Ribeiro, IEEE TAC'24]

- - g ©
Primal-dual algorithm e @.g' &

» (n@

S~——
®© .
o}

D; = mm max Es,anmg |:T E'y ro(se,ar)

t=0

T-1
T27 ri(se, a»):| —c

=0

. . Se-© .. %
Primal-dual algorithm e @ A [
@ @
L 2 .
D;:Ttig A ® '
o
e C

« Update the dual (= policy evaluation)

Akg1 = [)\k - 7]<]Es,aN

T-1
Z’) r1(st, fl::l *(31>:|
=0 +

«
® © . -3
Dual CRL (= - IS
€ @
. ‘
Theorem ®)
Suppose 6 is a p-approximate solution of the regularized RL problem: ®
- )
o ~ arin@ax Es,anme |: g Yra(se, ar) :| .

the iterates (6, Ax) are such that O

Then, after K dual iterations with step size s
[

1 .
(BK’AK))SMBV+/‘
1-v

[Paternain, Chamon, Calvo-Fullana, and Ribeiro, NeurlPS'19; Calvo-Fullana, Paternain, Chamon, and Ribeiro, IEEE TAC'24] 25

«
. . ®
Safe navigation .
Problem ®)
Find a control policy that navigates the environment effectively and safely ®
3 T T T T
2
9 2 5
Qo
g L
3
>
R 3
=3
a
i
R S T S R
00 1 2 3 4
4
Iteration x10 y,

[Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAG'23] 26



O E=(©)
Saf . R + @ o,
afe navigation @ @
&
(3 ¢
Problem D
Find a control policy that navigates the environment effectively and safely ®
°© (
o C
1.00
2 0.98
3
g ]
: :
s ~1.3.-1.1-0.9 —0.7_|
& 0.96 o »
’ 1
—6 —4 -2 0 !
x10%
Reward Iteration (k) .
®
[Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23] 27

e s B .
Monitoring task CA§

Problem D
Find a policy that maximizes the time in R, while monitoring R, and R at least 1/3 of the time each ®

Dual variable [A1] Policy [ (st = R1)]
7

Constraint slack [Vi ()]

——— 1.0 — T T
T =Ry |

(]
ool L gm=Ro || _ i
Heration (& 38 385 3.9 395 4
eration (k) lteration (k) 105 fteration (k)
+ The dual variables oscillate = the policy switch = constraint slacks to oscillate '@
@
[Calvo-Fullana, Paternain, Chamon, and Ribeiro, IEEE TAC'24] 29
«
® @ 5
. ) .
Primal recovery Ve @ g [
F/
. ¢
-+ General issue with duality °
K—1 @

= (Primal-)dual methods: % g f(6k) — f(07),but f(6x) # f(67)

@ Convex optimization = dual averaging

o]
q
¢
e 3
] Zek — 0"
k=1
(]

=]

© Non-convex optimization = randomization
K
1
i i o] — (9"
= 9" ~ Uniform(6,) = E [f(6")] = % g‘ f(0r) — f(8%)

(requires memorizing the whole training sequence)

’ \/. @D £
What we CAN do S @ " g [

[ | -
:

@ Find Lagrangian maximizing policies 7' (Ax) = unconstrained RL problem with reward r», (s, a)

wep(s) Toeo

T-1
7' (Ax) € argmax  lim Eqann |:% Z”” (st, az):|
t=0

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23]

. . ’ g©@ .o, %
Wireless resource allocation S . @ " @ [
.
e «
Problem ©
Allocate the least transmit power to m device pairs to achieve a communication rate ®
o]
200 = 10 pomre S e
175 — — 5 — Vo-c
08

e
< @7%

0 2 4 6 8 10 0 10 20 30 4 50 0 2 4 6 8 10 h,
Iteration (k) Timestep (t) Iteration (k)

+ The dual variables oscillate = the policy switch = constraint slacks to oscillate

[Uslu, Doostnejad, Ribeiro, NaderiAlizadeh, anxiv:2405.05748] 28

"GO, o
What dual CRL cannot do (I @ : @ [
©(‘
o C

Theorem
The state-action sequence { s, ar ~ m'(Ax)}

is a solution %

= Cannot effectively obtain an optimal policy 7* from the sequence of Lagrangian maximizers 7 () {

[Paternain, Chamon, Calvo-Fullana, and Ribeiro, NeurlPS'19; Calvo-Fullana, Paternain, Chamon, and Ribeiro, IEEE TAC'24] 30

~" {© o
What we CANNOT do Ve @8 &

O -©

© We do not know how to find an optimal policy 7* in the policy space

1 T-1 .
. lim Eoanr | »

1r Ea:ré;::i))c Jim Beann [Tgrn(snflt)}
= i
1 T—1 g
subject to Tliir;IEs,an [T rl(shat):| >
t=0

«

®

[Calvo-Fullana, Pz

ain, Chamon, Ribeiro, IEEE TAC'23] 32

SO .
What we CAN do Ve @8 &

oY @l O

@ Update )\, to generate a sequence of 7' (\;) that are “samples” from 7*

T—1
1
Akt1 = |:M - rJ(]EMN,,(M) T Z’y-l(sh(h)} - cx)} 4
= L ®

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23]
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State-augmented CRL .

o
o
e @
o
@ Find Lagrangian maximizing policies 7' (A.) = unconstrained RL problem with reward ., (s, a) : °
@ Update )\, to generate a sequence of 7' (Ax) that are “samples” from 7* 4
= equivalent to an MDP with (augmented) states § = (s, \) %
«
®
[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 33

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAG'23] 34

@,

State-augmented CRL in practice Cl

.

@©
Enp
oo

®

+ During training: Learn a family of policies Tr;,(s, ) that maximizes the Lagrangian for all (fixed) A

ot @l O

@

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAG'23] 34

Monitoring task G

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23]

State-augmented CRL .

@ Find Lagrangian maximizing policies 7' (A.) = unconstrained RL problem with reward 7, (s, a)

[
@ Update ). to generate a sequence of 7' (Ax) that are “samples” from 7* i
= equivalent to an MDP with (augmented) states § = (s, A)
and (augmented) transition kernel that includes the dual variables updates
«
®
[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 33

State-augmented CRL in practice Y O.. %} ; g. a
O i@ ¢

L @l O

@

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 34

State-augmented CRL in practice C

‘
p(st+1lse, ar) @ (o)
O, .

.

@©
@ﬁ;c
&

®

73 (56, A)

ok

+ During training: Learn a family of policies wg(s, ) that maximizes the Lagrangian for all (fixed) A

T—1
i . 1
m,(A) € argmax Exem [TISI;JES,.N. [T ZU(S:., at)”

t=0

Do T Lo

@

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 34

State-augmented CRL in practice .

[ ]
@2
Eng
RoaeY

®

L @l

« During deployment: Execute a; ~ 7:,(Ak) for Ty iterations and update A

(k+1)To—1
Akt = [)\k; - Tlo Z (r1(5¢,a;) - 1:1):|

t=kTo

@

+

[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 36



Monitoring task e @ 5’
L .
_ (o
g )
o
10717177 % ©o
| ] g o
st 18
s 1 £
6l 4~ 3
} | ¢
i P .05 | T o
ol (R4) 2005 | g - : - .
s |
N 1 g 2 S s -
oL 1T 3 | | j i
o 2 4 6 8 10 = ; ‘ ‘
Il Il Il
% 0.5 1 15 2 y
Iteration (k) x10° ®
[Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 37
o >
. g@,
Solving CRL e @ 5’ g
L .
T-1 (o)
- ; ) 1
Training: () € argmax, o Thm Es,qnn |:T Zr;(s:,m)], for all A ®
oo - .
A-CRL: = o ¢

(k+1)To—1
n

Deployment: A1 = |:)\k T Z (T} (se,a0) — Cl):| o ac~ ()
t=kTo i 3
L
4

« A-CRL solves (P-CRL) by generating state-action sequences {(s¢, a.)} that are 0
(i) almost surely feasible and (i) O(n)-optimal (Caivo Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23]

« But A-CRL does not find a feasible and O(n)-optimal policy 7*
= ltfinds a policy 7, on an augmented MDP (s, A) that generates the same trajectories

as dual CRL on the original MDP (s)

Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23] 38

. ; : &© .. 8

Wireless resource allocation e ‘ @ &
. ¢

Problem (o)
Allocate the least transmit power to m device pairs to achieve a communication rate ®

1.0 — m $

0.8 ) 2

06 2

H

04

02 1

" oo w e w0 w oo e e e we

o 10 20 30 40 50
Timestep (t)

y
[Uslu, Doostnejad, Ribeiro, NaderiAlizadeh, arxiv:2405.05748] 40
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® .
Summary A 5’ g
L 3 -
- Constrained RL is "= a tool for decision making under requirements ~

CRL is a natural way of specifying complex behaviors that cannot be handled by unconstrained RL
= (P-RL) C (P-CRL)

e.g., safety p in et al., IEEE TAC'23], Wireless resource allocation [gist

monitoring

IEEE TSP

/o-Fullana et al., IEEE TAC'24]

« Constrained RL is hard...

* ...but possible. How?

- B
Solving CRL o @ - IS
B
T-1 ‘\"\

Training:  7/(A) € argmaxyc lim Eooen [%Zn(st,at)], forall A ®
t=0 (o}
A-CRL: (k+1)Tp—1 L) ¢

Deployment: )1 = |:)\k - Tlo Z (rl(st,a,) - cl):| ,oap ~ 7y (An)
t=kTp +

« A-CRL solves (P-CRL) by generating state-action sequences {(s,a.)} that are
(i) almost surely feasible and (i) O(n)-optimal (caio Fullana, Paternain, Chamon, Ribeiro, IEEE TAC23]

{Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23]

Monitoring task

10

0
o )
1
7|l|lvl|l|7
2 4 6 8

10

T
.
Average occupation

Calvo-Fullana, Paternain, Chamon, Ribeiro, IEEE TAC'23]

Summary .

« Constrained RL is a tool for decision making under requirements

« Constrained RL is hard...

+ ...but possible. How?

RO
oC e s g
Summary . @

. «

I\ .\

« Constrained RL is /' a tool for decision making under requirements M~

CRL is a natural way of specifying complex behaviors that cannot be handled by unconstrained RL ©o
= (P-RL) C (P-CRL) o

wireless resource allocation [Eise

Constrained RL is hard...
CRL is strongly dual (despite non-convexity), but that is not always enough to obtain feasible solutions
= o

+ ...but possible. How?



Summary .

8 Agenda
+ Constrained RL is "= a tool for decision making under requirements ° I. Constrained supervised learning
CRL is a natural way of specifying complex behaviors that cannot be handled by unconstrained RL ® N = Constrained learning theory
= (P-RL) C (P-CRL! o)
(PRDC( ) & > = Resilient constrained learning
3 = Robust learning
« Constrained RL is hard... (\ Break (30 min)
CRL is strongly dual (despite non-convexity), but that is not always enough to obtain feasible solutions €
= primal-duat-metheds 3 IIl. Constrained reinforcement learning
(]
= Constrained RL duality
. i ? 4
-~ but possible. How? O\ = Constrained RL algorithms
When combined with a systematic state augmentation technique, #
we can use policies that solve (P-RL) to solve (P-CRL) . .
. Q&A and discussions «
®
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