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Why learning under requirements?

Learning
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What is a requirements? e @ g 8
T e «

.

®
o
« Goals are “should” statements: express recommendations (once “shall” statements are satisfied) e N

= Objective space: things the system achieves

Objective space

(]
- g .
Accuracy .’j
)
@
[NASA. “Systems engineering handbook,” 2019] 4
i H H ) ij'. © . .
What is (un)constrained learning? Yo @ @ [
e «
.
P, =min Egyol|l R
U=min Eq,) 'I)[ (fo() y)] ®
¢
(«
o C
« (£, g are bounded, functions [ ]
+ feisa parametrization [e.g., logistic classifier, (G)(C)NN] {\ ; 1
+ D, 2, P unknown
«
®
[Chamon et al., IEEE ICASSP'20 (best student paper); Chamon and Ribeiro, NeurlPS'20; Chamon et al., IEEE TIT'23) 5
o oz
What ab lties? SR KO8 3
at about penalties? )
F/
3 ¢
L]
P =min Eyo [Z(fg(w),y)] Py
subject t0  E(gy)a [g(fg(m),y)] <c . °¢

min Eyen [((fo@).9)] + A Baua [9(f0(@),0) | + Ewen 1@ 0k (fo@).1)

h(fo(m),y) <u, P-ae.
| b

& ©

What is a requirements? O -
e @ o
+ Requil are “shall” describe necessary features subject to verification 0
= Constraint space: things we decide ®
o]
o ¢

Constraint space
]

Robustness

Safety .

®
[NASA. *Systems engineering handbook,” 2019] 4
«
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What is a requirements? Callipfa g &
&)

. «

+ Requil are “shall” describe necessary features subject to verification 0

= Constraint space: things we decide ®

o]
+ Goals are “should” statements: express recommendations (once “shall” statements are satisfied) e ¢

= Objective space: things the system achieves

Constraint space

Objective space
(]
z - - 2
€ :
: .
Safety Accuracy (@
[NASA. “Systems engineering handbook,” 2019] 4
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What is (un)constrained learning? Y. @ @
-2
. ‘
L]
P =i Eqes [(fo(@).)] Py
subject to E(g,y)~a [!I(fa(w),y)] <c ® CQ
h(fe(x),y) <u, F-ae.
+ £, g are bounded, functions [ ]
. feisa parametrization [e.g., logistic classifier, (G)(C)NN] ¢ i 4
* D, 2 P unknown
«
®
[Chamon et al., IEEE ICASS best student paper); Ch: and Ribeiro, NeurlPS'20; Chamon et al., IEEE TIT'23] 5
«
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What about penalties? Y. @ @ S
/.
. «
L]
P = mgin E(z,y)~o [[(fl?(m)ry)] ®
subject to. | E(a,y)~a [y(fe(ﬁﬁ),y)] <ec ) h ¢
h(fo(®),y) <u, P-ae.
min B )0 {l(fe(w),y)} + AE (g )~ {g(fe(w)-y)] + Bz y)op {u(m-y)h(fe(w)wy)]
[
© There may not exist (\, 1) such that the penalized solution is optimal and feasible i
© Evenif such (), 1) exist, they are not easy to find %
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Applications Yo @ 5* &
Fairness \o/
(e.g., [Goh et al., NeurlPS'16; Kearns et al., ICML'18; Cotter et al., JMLR'19; Chamon et al., IEEE TIT'23])

Federated learning o ¢
(e.g., [Shen et al., ICLR'22; Hounie et al., NeurlPS'23])

Safe learning

Adversarially robust learning

(e.g., [Chamon et al., NeurlPS’20; Robey et al., NeurlPS’'21; Chamon et al., IEEE TIT'23]) %

(e.g., [Paternain et al., IEEE TAC'23]) »
i

Wireless resource allocation
(e.g., [Eisen et al., IEEE TSP'19; NaderiAlizadeh et al., IEEE TSP'22; Chowdhury et al., Asilomar23])

H . H LE]
Fairness: “Equality” of odds e @ 5*
(3 ¢
Problem (o)
Predict whether an individual will recidivate at the same rate across races ®
o
@ ¢
msin Prediction error
subject to  Prediction rate disparity (Race) < ¢,
for Race € {African»American, Caucasian, Hispanic, Other} %
0
(]
i
<
*We say "Race” to follow the terminology used during the data collection of the COMPAS dataset, ®
{Goh et al., NeurlPS'16; Kearns et al., ICML'18; Cotter et al., JMLR'19; Chamon et al., IEEE TIT'23] 9

H 113 H L] ’ O. @ .
Fairness: “Equality” of odds e &R &
@
. ¢
Problem (o)
Predict whether an individual will recidivate at the same rate across races ®

)
@ ¢

N
min % Zl Loss(fo(@n), yn)

n=1 n=1

N N
subject to %Zﬂ[fg(z"):l\Race]g%Z]I[fg(zn):l]
[ ]
i

*We say *Race’ to follow the terminology used during the data collection of the COMPAS dataset.
[Goh et al., NeurlPS'16; Kearns et al., ICML18; Cotter et al., JMLR'19; Chamon et al., IEEE TIT'23]

0. gl

Federated learning o -
g
. ¢
Problem (o)
Learn a common model using data from K clients ®
o
Cllents ¢

Lossk(fo) IIH!!!II 3

ko ki ki kis ki ks ki

==
M=

min
0

=
ii

« k-th client loss: Loss(fe) =

Z Loss(fo(wn, ). )

i <

[Shen et al., ICRL22] 11

Fairness (8

Problem
Predict whether an individual will recidivate

m African-American
Caucasian
Population | mmm Hispanic
m Other
Unconstrained _|
(Ac
T T T T
20 30 40 50 60

Recidivism rate (%)

*We say “Race” to follow the terminology used during the data collection of the COMPAS dataset.

. . BoRC)
Fairness: “Equality” of odds Ve @ & 4
8
Problem \
Predict whether an individual will recidivate at the same rate across races ®
o
e ¢

N
. 1
min > " Loss(fa(@n), yn)
n=1
subject to  Prediction rate disparity (Race) < ¢,
for Race € {African-American, Caucasian, Hispanic, Other }

*We say *Race” to follow the terminology used during the data collection of the COMPAS dataset.
(Goh etal., NeurlPS'16; Kearns et al., ICML'18; Cotter et al., JMLR'1; Chamon et al., IEEE TIT'23]

Applications e

« Federated learning ()
(e.g., [Shen et al., ICLR'22; Hounie et al., NeurlPS'23])

Heterogeneous federated learning G

Problem
Learn a common model using data from K clients ®

min

ko ko ki k2 kis ks Ris ki

« k-th client loss: Lossy(fo) =

Z Loss fs (n,,), ?/m)

E o .

[Shen et al., ICRL22] 11
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Heterogeneous federated learning o ®" g &

Problem @
Learn a common model using data from K clients that is good for all clients @
.

Clients

K
Z ossi.(fo)
=1
subject to  Lossi(fo) < — Z Lossk(fe) +c,
k=1
k=1,...,K IIIIIIII

ko ki ki kis ki ks ki

P

« k-th client loss: Lossy(fo) =

Z Loss(fo(ny), yny.)

i

[Shen etal., ICRL22] 1
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Robustness %o @ é’ &

. ¢

Problem @
Learn an accurate classifier that is robust to input perturbations ®

o}

e ¢

R L
Cello Hammer %

g0
5
=% g
g 2 [
R g
g
i H i
H 2
: i
H
50 ) d
en L ®
13
B
R CRANASS- Ry
obustness .
. ¢
Problem @
Learn an accurate classifier that is robust to input perturbations ®
o}
e ¢
A \y
Cello Hammer '*
1« e
min < Z Loss (fo(@n), yn) ‘
n=1 4
subject to  Robustness loss < ¢
[Chamon and Ribeiro, NeurlPS'20; Robey*, Chamon®, Pappas, Hassani, and Ribeiro, NeurlPS'21; Chamon, Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT'23] 13

Invariance
Problem I -
" o ! ShearX
Learn an accurate classifier that is invariant to transformation g € G. ©.0. & Sola ®
I Brightne o} ¢
& )
Y

N
rz}’in Z oss fe ), yn)

N
. 1
subject to = Z [ng Loss(fo(gmn),yn) | < c

[Hounie, Chamon, Ribeiro, NeurlP$23] 14

©‘
Applications O @'5 G

+ Adversarially robust learning
(e.g., [Chamon et al., NeurlPS’20; Robey et al., NeurlPS'21; Chamon et al., IEEE TIT'23])

O .
Robustness & ‘
@ 8 &
3 .
Problem @
Learn an accurate classifier that is robust to input perturbations ®
o
o ¢
-
Cello Hammer g
5
rrgn Nominal loss »
subject to  Robustness loss < ¢ 1
«
[Chamon and Ribeiro, NeurlPS'20; Robey*, Chamon®, Pappas, Hassani, and Ribeiro, NeurlPS'21; Chamon, Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT'23] 13
RN ©)
O .
Robustness & ‘
(o] ) 8 g
3 .
Problem @
Learn an accurate classifier that is robust to input perturbations ®
o
o ¢
-
Cello Hammer
~ 5
. [
min Z Loss( fo(xn), yn)
N
subject to Z [ H&numx Loss (fa(:l:n +6), yn)
[Chamon and Ribeiro, NeurlPS'20; Robey*, Chamon®, Pappas, Hassani, and Ribeiro, NeurlPS'21; Chamon, Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT'23] 13

©‘
Applications O @"é‘ G

« Safe learning
(e.g., [Paternain et al., IEEE TAC'23])




e
Safety . ®'8 [

. ¢
Problem (o)
Find a control policy that navigates the environment effectively and safely ®
o}
o C

$

L

®
: |
.r "o

e
Safety o, ®'8 [

. ¢
Problem G)
Find a control policy that navigates the environment effectively and safely ®

o}

S

)
1 T-1
T Zm(sr,m)]
t=0

subject to P [Colliding with O;] < 6,

maximize E, -
TEP(S)

(]
fori=1,2,... i
«
®
[Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23] 17
«
. . % ® @ ol £
Applications -
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« Wireless resource allocation
(e.g., [Eisen et al., IEEE TSP'19; NaderiAlizadeh et al., IEEE TSP'22; Chowdhury et al., Asilomar'23])
18
o«
. : R [
Wireless resource allocation e
. ¢
Problem G)
Allocate the least transmit power to m devices to achieve a communication rate ®
o}
o C
Input (p) K
Y
Channel (h) @
(]

Output = Input x Channel + Noise
= Rate(p, h)

@9,
Safety o, @'8 [

. «
Problem (‘)
Find a control policy that navigates the environment effectively and safely ®
o
o ¢
maximize Task reward
i TEP(S)
subject to P [Colliding with ©;] < 4, 0

fori=1,2,... »
£ i
x
«
®
[Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23] 17
o«
Safety o ©@' ‘ 5’ [
.
. «
Problem (‘)
Find a control policy that navigates the environment effectively and safely ®
o
o ¢

T-1
- 1
m?é("l)l’(%l)ze Es,anm [? Z ro(st, ’lr):|

=t

T-1
subject to P (m {st ¢ O:} 71') >1-46;, °
t=0

fori=1,2,... 1
®
[Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC'23] 17
. . BORCN
Wireless resource allocation Y. @ 8 [
. ‘
Problem @
Allocate the least transmit power to m devices to achieve a communication rate ®
o ¢
[
. . Te @,
Wireless resource allocation Y. @ 8 [
. «
Problem @
Allocate the least transmit power to m devices to achieve a communication rate ®
@ ¢
3
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Wireless resource allocation e ® [
- & ‘
Problem D
Allocate the least transmit power to m devices to achieve a communication rate ®
[0}
o ¢
3
s
£
]
I
@
s 5
5 (]
o i
 (sec) %
.
®
20
. L7~
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Wireless resource allocation Y. @ @ [
e ‘
Problem D
Allocate the least transmit power to m devices to achieve a communication rate ®
Nt min_ Total transmit power
N TEP(S)
s.to RateTi — R > ¢ .
e \‘ e .
%
.
®
[Eisen, Zhang, Chamon, Lee, and Ribeiro, IEEE TSP'19] 21
. L7~
@@ o
. . ® ..
Wireless resource allocation Y. @ @ &
e ‘
Problem .

Allocate the least transmit power to m devices to achieve a communication rate

m T-1 m
1
max - E En por = E E Dit
e i=1 e L t=0 ,:1[ ’:|

T-1
1
5.0 Eppen(n) [ zRa1er(phhl,):| >
t=0

[Eisen, Zhang, Chamon, Lee, and Ribeiro, IEEE TSP'19] 21
. L7~
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Wireless resource allocation - &
- o & ¢
Problem D
Allocate power without depleting the battery of m devices to achieve a communication rate ®

()
m T-1 3
- Ph prr(n. bie=0
g X “~">Lﬂo{ ’ }}
L ]

T—1
1
5.0 Enprr(nb) [TZRﬁlez(pr,hJ] >

t=0

[Chowdhury, Paternain, Ve mi, Segarra, Asilomar23) 21

. . D e, %
Wireless resource allocation Y. @ @ [
A
. «
Problem ©
Allocate the least transmit power to m devices to achieve a communication rate ®
o ¢
3
S
g 2 a
2
3
@
ERRL s
H ]
&)
0 Il Il Il Il
0 0.2 0.4 0.6 0.8 1
t (sec)
20
& ©
. . G e, 2
Wireless resource allocation S . @ @ [
&)
. «
Problem °
Allocate the least transmit power to m devices to achieve a communication rate ®
e

m T—1 m
1
e 21 Eh pr(h) [? g g /h.l 72

t=0 i=1
s.to RateT; — Ri >¢; [
«
®
[Eisen, Zhang, Chamon, Lee, and Ribeiro, IEEE TSP'19] 21
‘o ©, .
. . .
Wireless resource allocation Y. @ " @ &
&/
o & ¢
Problem ©
Allocate power without depleting the battery of m devices to achieve a communication rate ®
o]
o

min Total probability of depleting battery
P

TEP(S)

1 T €}
s.to  Eppor(nb) T Z Hat&(l’t.h)] >c *

t=0 »
«
®
[Chowdhury, Paternain, Verma, Swami, Segarra, Asilomar'23) 21
. A
&—© o
- .
And many more... S @ " @ G
&/
o & ‘
L]
« Precision, recall, churn (e.g., [Cotter et al., JMLR'19]) @
o .
o C
« Scientific priors (e.g., [Lu et al., SIAM J. Sci. Comp.21; Moro and Chamon, ICLR'25])
« Continual learning (e.g., [Peng et al., ICML'23])
= Active learning (e.g., [Elenter et al., NeurlPS'22]) €}
[

Semi-supervised learning (e.g., [Cerviio et al., ICML23])

Minimum norm interpolation, SVM. ... %



Constrained
supervised
learning

Constrained learning challenges DR 3 G
Teld
P = min % Zl(fs(itn),yn) P = min B y)~o {l(fe(w), U)} ®
) 1 & ! b ® -
subject to i z _l](fg(a:m),yn,) <c subject to Bz y)~a [9(f9(m)-, U)} <c

h(fo(zr.yr) <u

hr(fs(at)~ y) <uae. 3

Challenges

1) Statistical: does the solution of the constrained empirical problem generalize?

a¢7 <

Constrained learning challenges o, &
P = ngn A% Z[(fg(wn),ym) P = mgin E(e,y)~0 |:[(fg($), y)} ®
o

N
1 B
subject to N Z g(fg(a:,,,),ym) <c subject to E(q,y)~a [9<f9(93)-, U)} <c

:

Challenges »
i
1) Statistical: does the solution of the constrained empirical problem generalize? \ E
2) Computational: can we solve the constrained empirical problem? 4
®
25

Agenda e .

Constrained learning theory

What is (un)constrained learning? .

) 1 :
P*=min  —» ((fo(zn),yn
0 N ; ( ¢ g ) ©,\

subject to Kl, Z g(/g(zm)‘g/,ﬁ <ec

) h(fa(&),yr)ﬁu, r=1,....,N 3
L J

+ £, g are bounded, functions
* feisa parametrization [e.g., logistic classifier, (G)(C)NN] . !
(@, yn) ~ D, (@, ym) ~ A, (@, yr) ~ P (i0.d.) ﬁ
<
®
[Chamon et al., IEEE ICASSP'20 (best student paper); Chamon and Ribeiro, NeurlPS'20; Chamon et al., IEEE TIT'23] 24

Constrained learning challenges .

N .
. . 1 ,
Pr=min & 2}1(&(%), un) ®
n= -
) 1 & OB
subject to ~ Z _l](fg(mm)-, .l/m) <c .
m=1
hr(fg(ir. yT) <u 3
Challenges »
1) Statistical: does the solution of the constrained empirical problem generalize? \ E
2) Computational: can we solve the constrained empirical problem?
«
®
25

Constrained learning challenges . [
P = min Ai St fol@a),ue) "= min B0 [i(fg(q:). y)} ®

n=1 2 )}

subject to L Z q(fg(z )yym) <c subject to E(zy)~a [q(fe(w)-, U)} <c X7

) P )y Ym) < o [ 3
Challenges »

1) Statistical: does the solution of the constrained empirical problem generalize? %
®

What classical learning theory says? . &
min %ZLoss(fg(w"),yn) LN min E [Loss(fg(z),y)] @(\

~ ¢

@ fo is probably approximately correct (PAC) learnable 3

[ ]
-
.
®
[Rostamizadeh, Talwalkar, Mohri. Foundations of machine learning, 2012]; [Ben-David, Sh: anding machine learning. .., 2014] 27




What's in a solution? CRANASY- I
- . @ .
Definition (PAC learnability) J
fe is a probably approximately correct (PAC) learnable if wecan  (g)
obtain fi from samples such that, with prob. 1 — 4, o}

* near-optimal
P~ Eyen [((for(@)0)] <

L ]
®
{Chamon and Ribeio, NeurlPS'20; Gharmon, Paternain, Calvo-Fullana, ibeio, IEEE TIT23] 2
e © a
When is constrained learning possible? =« ® " @ [
e ‘
1 N L]
P = min Zi(fe(wn)~yn) ) P’ =min Ewy-o [[(fg(:c),y)] ®
e ? -
: . . (o] ¢
subject to > g(fo(wn)um) < subject to. E(g.y)~x [9(fo(@),)| <
m=1 3
Proposition ’ (]
fo is PAC learnable = fy is PACC learnable %
®
[Chamon and Ribeiro, NeurlPS'20; Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT'23] 29
e © a
ECRM is not a PACC learner A g [
e ‘
Counter-example .
P _1 {1/18, 6=1[1/2,1/2] ©,,
8 o)
JO)={1/8, 0=[1,1] o
=021 14, 6=][L0]
=0<1

o T~ Uniform( - 1/2‘1/2)

ECRM is not a PACC learner Yo @ 8 S

Counter-example

P _1 1/16, 0 =(1/2,1/2) ®_
8 J(B):{l/& 6=1[1,1] ¢
sohzl 14, 6=[1,0] 3
=6<1

P} =min J(6)
oco

P[|P} = P <1/32] <4e "N,

subject to  fa7n < 01 — 147 !
subject to  O27n < 01 +71 un|ess,;NSr1<T“Jr and 2 > T : °
— 0N <1 —02+72
: i
+ 7~ Uniform( —1/2,1/2) — 7x = Tn ¢
®

30

. o ©
What'’s in a solution? CRANDASS-
e @ o
Definition (PACC learnability) J
fe is a probably approximately correct constrained (PACC) learnable if ®
we can obtain fo+ from samples such that, with prob. 1 — 4, o}

+ near-optimal
|P* = Bapon [((for @).3) ]| < €

« approximately feasible
E (e )~ [{}(fa\ (ﬂi)y” <c+e

[Chamon and Ribeiro, NeurlP$'20; Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT'23] 28

ECRM is not a PACC learner .

Counter-example

P*=min J(6
s @

1/16, 6 =[1/2,1/2]
J(B):{]/s, 0=1,1]

subject to G2 E-[7] <6 —1 14, 6=1[1,0

— OB [r] <01

o T~ Uniform( -1/2, 1/2)

ECRM is not a PACC learner .

Counter-example

L]
pr _1 1/16, 0 =1[1/2,1/2) ©
8 JO)=41/3, 6=1[1.1] o
==l 1/4, 6=1,0]
=0 <1
P =min J(0) P[|P*—P*[<1/32] =P[7n =0] =0 %
subject to  O27n < 61 — 1 O
— iy <10, »
o %
. T~Un|10rm(—l/z,1/2) SIN=y 4
®
30
. C\' ©) S
Constrained learning challenges S @ @ [
&/
. ‘
1 N .
Pr=min <> (o). ) P =i B0 [[(fg(a:). y)} ®
o PACC o ¢
subject to % Zﬂg(fg (Tm), ym) < c subject to E(g )~ [g (fe(w%y)} <c 3
Challenges »
1) Statistical: does the solution of the constrained empirical problem generalize? %
‘
®

31
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Constrained learning challenges . ® " 5‘ &
L .
1 N L]
= mm ZZ fo(zn) ,yn
= ®,

Challenges

2) Computational: can we solve the constrained empirical problem?

@,

Duality .

@©
(G2
oo

S
N

Mz

P = mm

®

£(fo(@n),yn) subject to Z (fo(@m),ym) <

| 3

n=1

~

LY @l

@

Duality e

N N (®)
P = min Z fo(@n), yn) subject to % 9(fo(@m),ym) <c ®

m=1 o)

| 3

ﬁ—maxmmfzf(fe ). 9) +A[N29<fe<mm,u }

m=1

+ Ingeneral, D* < P*

- Butin some cases, D* = P* (strong duality) [e.g., convex optimization]

An alternative path e

N

N
5" — max min - LSS ez e
D" = max min N;afs,zn)M(NZgum c

n=1

S~—
®.
(o}

s.to Ez[g(fo,2)] <c °

P = g\eig E. [Z(fs,z)]
L
i

[Chamon and Ribeiro, NeurlPS'20; Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT'23]

Duality O %.g’ S
e,
| %

Duality .

M=

N
y 1
= mm Z fo(xn), yn subject to K g(fe(ﬁm)vym) <c ®
n=1 m=1

I .

°¢
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Non-convex variational duality R 5 S
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Convex optimization: Primal <«— Dual o5

Non-conve, finite dimensional optimization: Primal <— Dual 3
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Sparse logistic regression e g 5 b
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min — Zlag [1 + exp (yn - GTw,L)]
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Discrete Continuous °
[Chen et al., JMLR'19): NP-hard [Chamon et al., IEEE TSP'20]: tractable
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Theorem °
Let f be v-universal, i.e., for each 6, 82, and v € [0, 1] there exists 6 such that

E[1fo, (@) + (1= ) fou (@) = fo(@)]] < v °¢

[{fo} is a good covering of conv({ fo})]

®
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Theorem

@®

.

Then D* is a (near-)PACC learner, i.e., for all (81, A") that achieve D*, with probability 1 — 4,

Near-optimal: |Pr—pr|<0 (u + %)

“
. . ~ 1
Approximately feasible: E[g(fm(:c).y)] <c+0 (u + ) »
~ 1 l
(¢4 strongly convex and g.7rconvex) b (far (@), y) < 7, with P-prob. 1 — O (u + ﬁ) %
.
®
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Theorem .
Let f be v-universal with VC dimension dyvc < oo, (; strongly convex, and g convex. Then, fg: is a ®
(near-)PACC solution of (P-CSL) for all (8%, AT) that achieve D*, i.e., with probability at least 1 — 4, o)
A L ¥
[P =D < 2
E[g(for(@)0)| <+ Va

1
Sources of error %

parametrization richness ()
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Dual (near-)PACC learning

Theorem
Let f be v-universal with VC dimension dyvc < oo, (; strongly convex, and g convex. Then, f: is a ®
(near-)PACC solution of (P-CSL) for all (8%, AT) that achieve D*, i.e., with probability at least 1 — 4,
0}
‘P' -D| < € +e
E [o(for(@))| <o+ Vot e

0

¢ @ul O

Sources of error
parametrization richness (v) sample size (V)
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Then D* is a (near-)PACC learner, i.e., with probability 1 — 4,
Near-optimal: [P —D[<O(v+ L
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Theorem

Let f be v-universal with VC dimension dvc < oo, (; strongly convex, and g convex. Then, fgi is a ®
(near-)PACC solution of (P-CSL) for all (81, A1) that achieve D*, i.e., with probability at least 1 — 4, o !
. ONS
P -0 <

E [!I(fev(m)x!l)] <c

Sources of error %
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Theorem D
Let f be v-universal with VC dimension dyvc < oo, ( strongly convex, and g convex. Then, fgi is a ®
(near-)PACC solution of (P-CSL) for all (81, A1) that achieve D*, i.e., with probability at least 1 — 4, o} ¢
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|Pr—D*| < fo+e
E [g(for(@)0)| <+ Ve
dyc o.
€= v = [
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Dual (near-)PACC learning Cay g [
/.
. «
Theorem D
Let f be v-universal with VC dimension dyc < o, o strongly convex, and g convex. Then, fqi is a ®
(near-)PACC solution of (P-CSL) for all (8%, A") that achieve D*, i.e., with probability at least 1 — 4, o,
o C

[P* = D[ < (14 A)(eo+¢)

E [9(for @).0)] <o (148 (v +)
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Sources of error
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Dual learning trade-offs Ve @8 &
&
. ¢
.
Sample size ® o
* Unconstrained learning o C
parametrization x sample size
Parametrization
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.
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When is constrained learning possible? - . P 8 8

&
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Corollary o,
o ¢
fo is PAC learnable ~* fy is PACC learnable
Constrained learning is essentially as hard as unconstrained learning
L ]
; ]
‘
®
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Problem .

Predict whether an individual will recidivate

" African-American
e Caucasian
Population ~ mmm Hispanic

. Other

Unconstrained _| %
(Acc.: 68%)
(]

T T
20 30 40 50 60

.
Recidivism rate (%) \_
®

e terminology used during the d on of the COMPAS dataset. a1
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Fairness: “Equality” of odds Y. @ g [
e «

Problem D

Predict whether an individual will recidivate at the same rate across races ®
O/
() <

N
mein % Z LOSS(fg(Zw)-, ]/ﬂ)
n=1

N N
. 1 . | 1 S
subject to w g I[fo(xn) = 1| Race] < ~ g I[fo(xn) =1]+ec,
n=1
.

n=1

for Race € {African-American, Caucasian, Hispanic, Other}

.
®
We say to follow the terminology used during the d ction of the COMPAS dataset.
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Sample size ©r‘
« Unconstrained learning e

parametrization x sample size

+ Constrained learning Parametrization

parametrization x sample size x requirements
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®
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When is constrained learning possible? =« . .- &
- . @ «
®
Corollary n ¢

Uniform
.7 convergence
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PAC <—————=PACC

0-1 loss
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Problem ©

Predict whether an individual will recidivate at the same rate across races ®

¢
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rrgn l‘\f Z Loss(fg(w,,). g/,,)
n=1

N N
subject to %Z:lﬂ[fg(m") =1|Race| < % Z:]]I[fg(w,,) =1]+ec,
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for Race € {African-American, Caucasian, Hispanic, Other}
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Problem °
Predict whether an individual will recidivate at the same rate across races ®
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1 N
min Z Loss (fo(@n), yn)
n=1
1 N N
subject to  — Z
N n=1 n=1

for Race € {African-American, Caucasian, Hispanic, Other}
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®
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Problem D
Predict whether an individual will recidivate at the same rate across races ®
[0} pY
o C
W African-American
W Caucasian
Population ~ mmm Hispanic
N Other
(Acc.: 68%)
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Constrained _| i
(Acc.: 67%) S 1
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Recidivism rate (%) .
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Prediction . ‘
0 1 0 1
®
0 16% 1% o
o C
African-American
1] 16% 23%

True label

0 9% 17%
L ]
23% 16% 4

d
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We say ‘R he terminology used during the data collection of the COMPAS dataset. -
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Prediction . :
0 1 0 1
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True label

Caucasian

Constrained optimization methods o ® 5 &
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P = mHin ]\i Zﬁ(j'e(wn),yn)

N
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m=1
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Problem ©
Predict whether an individual will recidivate at the same rate across races ®
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N Other
(Acc.: 68%)
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Constrained learning algorithms O
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Constrained optimization methods S @ @ [
&/
. «
« Feasible update methods J
e.g., conditional gradients (Frank-Wolfe) ®
© Tractability [non-convex constraints] o
@ Feasible candidate solution L
N
O | "
Pr=min + Zk(j"@")’y“) « Interior point methods
n=l e.g., barriers, projection, polyhedral approx.
N
1 il -
subject to < g(fs (xm),ym) <ec © Tractability [non-convex constraints]
m=1 @ Feasible candidate solution .
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Constrained optimization methods e @ " -
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®
o]
o
p* = min %Z[(/’g(:ﬁ,),yn)

e
M=

subject to

o(fo(en)om) <

(]
+ Duality i
e.g., (augmented) Lagrangian 3

@ Tractability

@ (near-)feasible solution [small duality gap] 4

®
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Dual learning algorithm o e " @ [
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* Minimize the primal (= ERM) .

1w ®

0" € argmin =3~ {ufem),yn) + 29 (fol@n),yn) °
oerr IV ) «

o
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r g %

min ﬁ;wﬂ(mmu ﬁzﬂgm(zm),ym) :
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Dual learning algorithm * . .@{ : @ &
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« Update the dual

M=

3
il

N [H,,<i, ‘g(fef(wm)ﬂm) *”)L

A0

e L
)

. ® o, %
In practice... TR g [
e «
* Minimize the primal (= ERM) 0
0" ~6-1Vo [i(fg(wn), Yn) + Ag(fg(:cn),yn)} L n=12... ©O \
() <

« Update the dual

m=1

a= [A ’ n<% i oo+ @n),m) = C>} +

Dual learning algorithm S . b
- . @ «
®
C((
o ¢

N N
D* ax mi %Zf(fg(mn),yn)+)\[%Zg(fﬂ(wm)vym)*c %

- in
A>0 6€eRP ~ — 4
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Dual learning algorithm ¥ e @ @ [
2
h . .
* Minimize the primal (= ERM) .
0" 6190 (fol@n). va) +A9(fol@n). )], n=1.2... ON {
Haeffele et al., CVPR'17; Ge et al., ICLR'18; Mei et al., PNAS'18; Kawaguchi et al., AISTATS'20.....] e N
o

OckP

N N
min 3 Eo@n) ) +A 1 0 9 (o), ym) %’
m=1

n=1
®
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A (near-)PACC learner e &t g 8
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L]

Theorem ®
Suppose 8 is a p-approximate solution of the regularized ERM: o
. 4
N o C

o' ~ a;g;;ljn %Z (l([e(wn)ﬁyn) +/\g(fs(zn),yn)>-

n=1

Then, after T’ dual iterations with step size 7 s

the iterates (0", A™) are such that .
.
P‘—L(H(T),)\(T)N <@+ A+ tp i
with probability 1 — & over sample sets. %
‘
®
[Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT'23] a8
) ® ©) o,
In practice... - @ " G
& @
. ‘
« Minimize the primal (= ERM) 0
0" =61V, [i(fg(mn),yn) +)\g(fg(a:n),y,,)], n=12...,N ON §
o ¢

« Update the dual

m=1
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In practice. .. Y. @ @&
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1: Initialize: 6y, \o

2 fort=1,....T ©o

3 B0 OIS

4: forn=1,....N SGD

5 Brt1 < Bn —16Va [L(f3, (@n) yn) + Ae—19(fa, (n), yn) ]

6 end

7 0 By

N
1
8: At = |:/\¢,1 +na (ﬁ Z g(fo, (mm),yn) - c>:| Dual update
+

m=1

9: end
10: Output: 07, A1
O PyTorch

https://github.com/1fochamon/csl ®
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In practice... o & - B
B

\./

1: Initialize: 0y, Ao

2 fort=1,....T ©o

3 B0 o ¢

4: forn=1,....N

5 Brt1 < B —16Va [L(f3, (@n), yn) + Ae—19(fa, (n), yn) ]

6. end

7: 6, « Bni1 Y

1 Use adaptive method (e.g., ADAM) 5
& A= [Aem1 (ﬁ 7; g(fg, (@m), y”) B C>:| Use different time-scales (ny = 0.175) ®
o end - N 3

10: Output: 07, A\r
O PyTorch J
https://github.com/1fochamon/csl ®
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In practice o @ F 5
“as .

"Duality gap" Slacks (average) * @ P
061 /N — primal | 15 (®
1: Initialize: 6o, Ao 04 / \ — Dual |
- \ 1 ®
a2 fort=1,....,T 0. (e}
3 B0 00 N 08 <
4 forn=1,...,1 -0 \ o
5 Buy1 < Bn
6: end Relative "duality gap" Dual variables
7 0 Py 10‘ N ’/
A\ A 10° \ . iethod (e.g., ADAM) &
8: = A1+
‘ o r / ne-scales (n = 0.17g) »
1
9: end 10 i
10: Output: 1, A 102

0 200 400 0 200 400 rch P,

https://github.com/1fochamon/csl ®
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Robust learning o . 5. g
. «
Problem O
Learn an accurate classifier that is robust to input perturbations
craR10 .
.
g
gm fe i
H §er
s0 ‘
o

©

In practice. .. o @ g' [

. «
1: Initialize: 6y, Ao
2 fort=1,....T ©o
3 B 6, e
4: forn=1,....N
5 Busr = B =10V [((fo, (@n), yn) + Aem1g (S, (@) yn)]
6: end

7. 0i 4+ Brno

8: At = |:/\:71 + 0 (% Zy(fe,(a:m),yn) - (‘>:|
m=1 n

o: end i

Use adaptive method (e.g., ADAM)

10: Output: 07, A1
O PyTorch

https://github.com/1fochamon/csl ®
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In practice... o @ 5’ [
3 ‘
1: Initialize: 8y, Ao @
2 fort=1,....T Check slack: O(
3 B 6 - feasibility: s¢ < 0 e
4: forn=1,....N - “duality gap™: Arst
5 Butr = B =10V [((fo, (@), yn) + Aem1g (S, (@), yn)] Y o) )
s end s:—ﬁ;y( o, (@n)yn) — ¢
7 0+ B
N .
1 Use adaptive method (e.g., ADAM) .
: At = | M- -~ m)sYn) —C
8 ‘ |: ot +m<N Z}g(fe, (@m), y ) C>:| Use different time-scales (7 = 0.179) »
m= +
o: end i
10: Output: 07, A1
O PyTorch J
https://github.com/1fochamon/csl ®
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Penalty-based vs. dual learning Y. @ g &
3 ¢
Penalty-based learning Dual learning ®
o
6" € argmin Loss(0) + A - Penalty(6) 6" € argmin Loss(6) + A - Penalty() ©
o Ll
At = [A n n(Penany(o* ) — L)] .
[
« Parameter: \ (data-dependent) « Parameter: ¢ (requirement-dependent) ]
« Generalizes with respect to Loss + APenalty + Generalizes with respect to Loss
and Penalty < ¢ 4
®
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Adversarial training o . @
3 ‘
Problem (®
Learn an accurate classifier that is robust to input perturbations ®
o
e ¢

« Adversarial training (e.. [Szegedy et al., ICLR'14; Goodfellow et al., ICLR'15; Madry et al., ICLR18])

1

N N
. o1
min E ) LOSS(fa(mn).,,I/") ——min & E . {H‘;ﬁ]:ngLoss(fe(mn + 6),1;")}
n= =
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Adversarial training o, * G
g
. ¢
Problem \J
Learn an accurate classifier that is robust to input perturbations ®
o
¢
()

* Adversarial training (e.g., [Szegedy et al., ICLR"14; Goodfellow et al., ICLR'15; Madry et al., ICLR'18])

N N
min %ZILOSS(/G(ZWI):?M) ——— min %Z} [der‘lax Loss (fo(@n + 6), Jn)}

T~ ~ gradient ascent

& [Szegedy et al., ICLR'14; Goodfellow et al
ICLR'15; Madry et al., ICLR'18; ....]

. . S © .. %
Adversarial training L g
g
. ¢
Problem \J
Learn an accurate classifier that is robust to input perturbations ®
)
¢
0)

+ Adversarial training (e.o.. (zhang et al.. ICML19])

N N
mein % Z Loss(fe(zn)-,!ln) ——— min % Z L“;ﬁ]ax Loss(fe(mn + 6),%)}

\ / -

N
min % Z Loss(fo(xn),yn) + A[H e Loss ( fo(@n + 6), yn)]

. . T © o, %
Constrained learning for robustness L ‘ 5 &
. «
Problem (®)
Learn an accurate classifier that is robust to input perturbations ®
o
nLin % z‘: Loss(fs(:cn). Un) $
subject to w Z [ ‘ gﬂmx LDSS fe(:tn +4), y,,) <c
@
.
4
®
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. . o
Constrained learning for robustness L

Problem
Learn an accurate classifier that is robust to input perturbations

=z|=
M=

min Loss (fo(@n),yn)
n=1
1 &
subject to v Z un < ¢

n

1
Loss(fs(wn + &;),yn) < un, forall |6, <e

[C. and Ribeiro, NeurlPS'20; Robey*, C.", Pappas, Hassani, and Ribeiro, NeurlPS'21; C., Paternain, Calvo-Fullana, Ribeiro, IEEE TIT'23]
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Adversarial training Yo @ 5’ [
A
. «
Problem °
Learn an accurate classifier that is robust to input perturbations ®
o
o ¢
N CIFAR-10 | ‘2!
50
_90 9
S 1%,
z N g .
8 3 I
Eh @
270 K o.
g ast 47 °
£ Goc @
z © 246 i
50 1
ERM PGD ° ERM PGD d
®
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Adversarial training Y. @ 5’ [
2
. «
Problem ®)
Learn an accurate classifier that is robust to input perturbations ®
o
o ¢
N CIFAR-10
50
=9 g
g 1 S
z g .
g 'S
®
o k:d O
£ 5 47 -
£ g
S 2
2 2 4
s 18l
1
0
«
®
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Constrained learning for robustness Y. @ 6’ S
=)
. ‘
Problem ®)
Learn an accurate classifier that is robust to input perturbations ®

Hﬁrﬁfj(ge Loss (fg(wn +9), yn)
@

[C. and Ribeiro, NeurlPS'20; Robey", C.", Pappas, Hassani, and Ribeiro, NeurlPS'21; C., Paternain, Calvo-Fullana, Ribeiro, IEEE TIT'23] 56

Constrained learning for robustness o .

Problem
Learn an accurate classifier that is robust to input perturbations

N
min % > Loss(fa(®a),ya)

o

N
subject to % Zun <c

n=1
Loss(fo(@n + o), yn) < un
Loss (fo(@n + 8,5),yn) < un
Sampling| Loss(fo(z, + 3 ).y, ) Un,
(e.g., LMC) Loss( fo(x ). yn) <
Un

Un

[C. and Ribeiro, NeurlPS'20; Robey", C.", Pappas, Hassani, and Ribeiro, NeurlPS'21; C., Paternain, Calvo-Fullana, Ribeiro, IEEE TIT'23] 56



Constrained learning for robustness

. ¢
Problem D
Learn an accurate classifier that is robust to input perturbations ®
ar o ¢
o C
CIFAR-10 | ),
| LY s
901 g
e 49
g
8 5
§ } ﬁ 48 —
®701 — /n) s
2 Ly a7 —
£ g
U2
= . 246 —
501 — In) 1
ERM PGD TRADES DALE 0 ERM PGD TRADES DALE d
®
[C. and Ribeiro, NeurlPS'20; Robey*, C.*, Pappas, Hassani, and Ribeiro, NeurlPS'21; C., Paternain, Calvo-Fullana, Ribeiro, IEEE TIT'23] 56
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Constrained learning for robustness CRARNAS Y-
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Constrained learning for robustness
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Constrained learning for robustness

Problem
Learn an accurate classifier that is robust to input perturbations
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Penalty-based vs. dual learning .

Penalty-based learning Dual learning
6" € argmin Loss(0) + A - Penalty(6) 0" € argmin Loss(0) + A - Penalty(9) ©
[ e

At = [A n n(Penany(aT) - L)] .

Parameter: ) (data-dependent) + Parameter: ¢ (requirement-dependent)

+ Generalizes with respect to Loss + APenalty + Generalizes with respect to Loss

and Penalty < ¢

«
Summary o, 8
¢
.
« Constrained learning is a tool to learn under requirements
Constrained learning imposes generalizable requirements organically during training. ©5;
e.g., fairness [chamon and Ribeiro, Neu 0; Chamon et al., IEEE TIT23], heterogeneity [shen et al., ICR ) ¢

Constrained learning is hard...

+ ...but possible. How? S 4

«
Summary e &
‘
.
« Constrained learning is a tool to learn under requirements
Constrained learning imposes generalizable requirements organically during training, @
e.g., fairness (chamon and Ribeiro, NeurlPS20; Chamon et al., IEEE TiT23], heterogeneity (snen etal., ICAL22). . . o ¢

Constrained learning is hard...
Constrained, non-convex, statistical optimization problem

[
* ...but possible. How? |
We can learn under requirements (essentially) whenever we can learn at all by solving %
(penalized) ERM problems.
.
®

Agenda oo

Resilient constrained learning ®

Semi-infinite learning

Probabilistic robustness ; 3

Summary .

« Constrained learning is a tool to learn under requirements

« Constrained learning is hard...

&)

+ ...but possible. How?

Summary .
L]
« Constrained learning is a tool to learn under requirements
Constrained learning imposes generalizable requirements organically during training, ©r>
e.g., fairness [chamon and Ribeiro, NeurlP: Shamon et al., IEEE TIT'23), heterogeneity [shen etal., ICRL22]. . . o ¢

Constrained learning is hard...
Constrained, non-convex, statistical optimization problem

+ ...but possible. How? S 3

Robust/resilient
constraints

Agenda 5

Resilient constrained learning ®
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Heterogeneous federated learning C ' < 5* q
. ¢
Problem (o)
Learn a common model using data from K clients that is good for all clients ®
o
Cllents

K
main E Lossk(fo)
k=1

kg ks 3
subject to  Lossy(fe) < 7ZLossk (fo) +

ko ki ki ki kis ki ks ki

« k-thclient loss: Loss.(¢) = Z Loss fg(:cn,\) ynk) %
nk 1 .
®

64

- . . S ©
Resilient constrained learning A '- - KA
B
Definition (Resilience) (o)
(ecology) ability of an ecosystem to adapt its function to accommodate operating conditions ®
)
e ¢

-t @l

@

s . . T © .. B,
Resilient constrained learning e : @ &
. ¢
Definition (Resilience) (o)
{eeology) ability of an ecosyster to adapt its funetion to accommodate eperating-conditions ®
(learning) learning system specification data properties

P = min Eg,)eo [Loss(fs(a:),y)]

subject t0 E(gy)~a, [gz(fs(a:m)y ym)} <ci

ot @l O

®
65
. . . Se©
Resilient constrained learning o . @' ‘ 5’ &
. ¢
Definition (Resilience) ()
{eeology) ability of an ecosyster to adapt its funetion to accommodate eperating-conditions ®
(learning) learning system specification data properties © ¢
0}
P(r) = min Eg,y)~o [Loss(fg(w),y)} 3
subject to E (g ), [ x(fs(wm),ym)} <eci+ri o,
N
@
(]
4

« Larger relaxations r decrease the objective P*(r) (benefit),
but increase specification violation ¢; + r; (cost)

Heterogeneous federated learning C

Problem (o)
Learn a common model using data from K clients that is good for all clients

Cllents

o
¢
ks ks
subject to  Lossi(fe) < ZLossk fo) + ¢ @
k: )

ko ki ki kiz kis ki kis ki

5
. 1
min = Z Lossk(fo)

« k-th client loss: Loss(¢)

Z Loss fS(Enk) ynk)

R - 2

np=1
- . . Te @, 4
Resilient constrained learning e @ g &
B
Definition (Resilience) (o)
gy) ability of an ystem to adapt its furetion to accommodate eperating-conditions ®
(learning) learning system specification data properties O((
)
.
@
[
i
®
65
- . . Ce @, g
Resilient constrained learning Y. @ g &
- . ‘
Definition (Resilience) (®)
legy) ability of an ystem to adapt its funetion to accommodate eperating-conditions ®
(learning) learning system specification data properties

PH(r) = min B~ {LOSS(fe(w),y)}

subject to Egy)~u, [ 1(fb(wm)qym)] <citri

L @l O

@

- . . Ce© Y
Resilient constrained learning o . @' ‘ g [
. «
Definition (Resilience) (o)
legy) ability of an ystem to adapt its funetion to accommodate eperating-conditions ®
(learning) learning system specification data properties

0
P'(r) = min Eg )0 [LOSS(fg(ﬁ),y)}

subject to (g y)~u, [ 1(f8(wm)1ym)] <citri

L @l

. P*(r) (benefit),
c; + 1 (cost)

« Resilience is a compromise!

@
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Resilient constrained learning . o @ &
&
(3 ¢
Definition (Resilient equilibrium) °
For a strictly convex function h(r), we say the relaxation r* achieves the resilient equilibrium if ®
Vh(r') € — 0P (") o ¢

In words: at the resilient equilibrium the marginal cost of relaxing equals the marginal gain of relaxing

®
{Hounie, Chamon, Ribeiro, NeurlP$'23] 66
e © o
oy . . ® ..
Resilient constrained learning e & @ &
&
(3 ¢
Definition (Resilient equilibrium) .
For a strictly convex function h(r), we say the relaxation r* achieves the resilient equilibrium if ®
o
Vh(r*) e —oP*(r*) o ¢

In words: at the resilient equilibrium the marginal cost of relaxing equals the marginal gain of relaxing

2\ _dpro =
S|\ Tar 8 O
= dh(r) = °
dr _
i
.
e %
«
®
[Hounie, Chamon, Ribeiro, NeurlPS'23] 66
T ©, .
oy . . ® .
Resilient constrained learning CESN @ [
&
3 ¢
Definition (Resilient equilibrium) J
For a strictly convex function h(r), we say the relaxation r* achieves the resilient equilibrium i ®
(o)
Vh(r®) e A*(r") o ¢
In words: at the resilient equilibrium the marginal cost of relaxing equals the marginal gain of relaxing
@ After relaxing, ™ (r*) is smaller than A™(0) »
= Resilient constrained learning “generalizes better” (lower sample complexity) i
«
®
{Hounie, Chamon, Ribeiro, NeurlPS'23] 67
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Resilient constrained learning Y @ " @ [
&
3 ¢
Definition (Resilient equilibrium) J
For a strictly convex function h(r), we say the relaxation r* achieves the resilient equilibrium if ®
(o)
P*(r") nH)in E(zy)~o [Lcss(fg(m),y)} + h(r) e
ks
subject to Eap~a, [0:(Jo(@n)oum) | < i+ 74
In words: at the resilient equilibrium the marginal cost of relaxing equals the marginal gain of relaxing
.
@ After relaxing, ™ (r*) is smaller than A™(0) »
= Resilient constrained learning “generalizes better” (lower sample complexity) i
@ The resilient equilibrium exists and is unique %
¢
®

[Hounie, Chamon, Ribeiro, NeurlPS23] 67

age . . e 4%
Resilient constrained learning G @ " @ &
A
. «
Definition (Resilient equilibrium) °
For a strictly convex function h(r), we say the relaxation r* achieves the resilient equilibrium if ®
o]
Vh(r*) € —aP*(r") o C
In words: at the resilient equilibrium the marginal cost of relaxing equals the marginal gain of relaxing
g ®
-}
2
8 8
E ]
«
®
[Hounie, Chamon, Ribeiro, NeurlPS'23) 66
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Resilient constrained learning Yo @ " @ [
&)
. «
Definition (Resilient equilibrium) .
For a strictly convex function h(r), we say the relaxation r* achieves the resilient equilibrium if ®
o]
Vh(r*) € —oP*(r") o C
In words: at the resilient equilibrium the marginal cost of relaxing equals the marginal gain of relaxing
g\ g |\ " ¢
£ ‘ dh(r) £ £ .
dr ! .
I 1
I
. .
" v ] I 7 %
«
®
[Hounie, Chamon, Ribeiro, Neur|PS'23] 66
e ©
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Resilient constrained learning - @ @ &
-2
. ‘
Definition (Resilient equilibrium) o
For a strictly convex function h(r), we say the relaxation r* achieves the resilient equilibrium if ®
o]
Vh(r*) € A () e ¢
In words: at the resilient equilibrium the marginal cost of relaxing equals the marginal gain of relaxing
€
@ After relaxing, A*(r*) is smaller than A*(0) »
= Resilient constrained learning “generalizes better” (lower sample complexity) i
@ The resilient equilibrium exists and is unique %
«
®
{Hounie, Chamon, Ribeiro, NeurlPS23 67
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Heterogeneous federated learning S @ @ &
&/
. «
L]
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o .
o C
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g
3
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8
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604 = Resilient °
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Improvement i
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.
®
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Heterogeneous federated learning CEANS
- . @ «
®
x X o}
06 015 o o ¢

@

0.0 0004 % X * . .
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Minority class prevalence at client (% i

inority class prevalence at client (%) Resilience cost (o) i
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®
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Semi-infinite learning 3

.
®
e ge . . ’ C’. © o
Semi-infinite constrained learning Y. @ @ &
e «
L1 @®
min NZ [t(w,,.y,,)] . O6
subject to  Loss(fo(@n + 8),yn) < H(@n,yn),
forall (z.,y.) and d € A 3
« Epigraph formulation: 0
max Loss(fo(x + 8),y) <t <= Loss(fo(x +8),y) <t forall 5], <e ®

18]l <€

N

mgin ALV Z [rénEan LOSS(fg(En + 6)>yn) }
n=1 o
-
L&
rrgn ~ Z [t(m"‘g/")] s.to LOSS(fs(wn +5),J/n) S H@n, yn), V(@0 yn, d) 3
L ]
i

N .
1
i = (8) Loss T, + 8),yn)dé
mn sup N; V/Au (8) Loss (fol( )sum)

©
Duality CEA 8 [

n=1

Heterogeneous federated learning ¢ e @ " -
e @ o
0.8 4 MWW Constrained ©c
0 Resilient - (] ((
LE 0.4 = 3
g - 3
3007 IFeasibl::a 4 )
; RN .E‘ ’ °
0.4 . . .
Train Test %
®
[Hounie, Chamon, Ribeiro, NeurlPS'23) 70
. g . . . : 5@ %
Semi-infinite constrained learning CESN [
e @ ‘
N ®
msin %; {tglé&( LOSS(fg(:E71+6),y")] . C((
L J
®
e e gr s . . : O' © o
Semi-infinite constrained learning e @ A &
e @ o
N ®
mgin %; [t(a:,,,y,,)] . c((
subject to  Loss (fe(a:n + o), Un) < tHxn,Yn)
Loss(fe(z,, +6,3), 1/11) < t(xn,yn) 3
Loss(fo(an +8c),yn) < Han,yn)
Loss( fo )
 Epigraph formulation: 0
max Loss(fo(x +8),y) <t <= Loss(fo(x +8),y) <t forall 5] <e |4

18]l <€

+ Semi-infinite program

P

®

i Lo @,
Duality Y. g 5 [
e o
i v 3 [ toss(fen + )| ®

o
]
&
msin NZ [f,(m",y")] s. to Loss(fo(mﬁ +t5)71/n) < U, Yn), V(Tn, Yn, ) 3
= i
o
L J

n=1
B 1
min sup Y " Esu ‘mmyn){Loss(fs(zn +6),yn)}

1



From optimization to sampling GRS e
- . @ «

mgin LV Z [rénEan LOSS(fg(CL‘n + é)ayn) } ®
Ig . o ¢

i ! 3 E, L 5
min :EU; FZI swuw(v\wmyu)[ 055 (fo(@n + )-,!/n)} 3
: |
Proposition :
For all € > 0, there exists y(z,y) < gneax Loss(fg(a: + 6).y) st L(0,puy) > sup L(6, ) — & for %
A nep?
i Bley) o [€(Jo(a + 8).3) ~2(@.v)] d
e . 5@, -

From optimization to sampling . @® [
e @ «

n{giu iV Z: [Iglﬁait LDSS(fg(In + 5).yn> } ®
Iz () - ¢

N
1

i — Esmpqt Ls 9),

i sup "2:1 i \m,yn)[ 0ss(fo(@n + ),yn)}

. Loss
Proposition

For any approximation error, 3 y(z, y) such that

1128l ) o [Loss fo( + 8).1) = (x.1)]

| P R
]
N
.+ 28

+ ~ .
. 3l ! ®
[Robey*, Chamon*, Pappas, Hassani, Ribeiro, NeurlPS'21 75
From optimization to sampling O -
. ii[ ax Loss (fo(@: + 8),n) | :
T 2 [ tesse(en +0). 0 ®,

) 1
s > ERRENS [LOSS(.fe (@n +9), un)}

17 & 7
N
n=1

. K Loss ! L g
Proposition

For any approximation error, 3 y(z, y) such that g; 1

1 (8, ) o [Loss(fg(:c +0),y) - 'y(w.y)} .

e 161100 . ®

[Robey*, Chamon®, Pappas, Hassani, Ribeiro, NeurlPS'21 75

. . 9, «

Constrained learning for robustness SN &
®.8

Problem .

Learn an image classifier that is robust to input perturbations ®
e ¢

N
; 1 A -
max min Z Loss (fo(@n), yn) + A max Loss( fo(zn + 6),%)]

n=1

[
i
© Computing the worst-case perturbations %
= gradient ascent — non-convex, underparametrized d
®
76

From optimization to sampling Ve g &
- . @ «
n{ain I\LZ [r‘sn&an Loss(fg(wn +6),yn)} ®

n=1

Iz e ¢

1 N
i s " Eoni e [L055(fo @ +8).)| 3
2

2
HeP n=1

Proposition
For any approximation error, 3 (z, y) such that

(Bl y) o [Loss (fo(a +8).y) ~1(@.v)]

i
v
'
i
i
'
'
'
i
'
T

€

c 181l ®
[Robey*, Chamon*, Pappas, Hassani, Ribeiro, NeurlPS'21] 75
From optimization to sampling 0 a
L3 [ L 5 :
min x; |:I‘§n:AX Oss(fg(wn + ),y7z):| @n
i Ly E, Ls [
i s, 3y 2|l ofen + 1)

Proposition
For any approximation error, 3 y(z, y) such that

(Bl y) o [Loss(fo(a +8).3) ~7(@.v)]

«
- 161l ®
[Robey*, Chamon®, Pappas, Hassani, Ribeiro, NeurlPS'21] 75
° -
From optimization to sampling ¢ e &
1 N L]
nLin w ; |:Iﬂxl&dAX Loss (fe(itn +6), yn) } ®
I’N‘ (] Q
1 N
i ~ 2 Esrus (e Loss(fo(@n + 0),yn
min sup, N; s Clen o) [L0sS (fo(@n +8).un) |
@
. B Loss i [
Proposition : i ;
For any approximation error, 3 v(x, y) such that E E 1
I '
I 1
j0(8z, y) o« Loss(fo(@ + 8).y) i ; %’
1 =0 L a
. 13l c ®
[Robey*, Chamon®, Pappas, Hassani, Ribeiro, NeurlPS'21] 75
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Constrained learning for robustness Yo @ [
&/ . 3 .
Problem °
Learn an image classifier that is robust to input perturbations ®
L& Eompio([2nvm) o ¢
max min ; Loss (fo(@n), yn) + /\[ Loss(fo(wn + ), yn)]
€)
[
@ Computing the worst-case perturbations %
= gradient-ascent—-non-convex-underparametrized = sampling P
®



Dual Adversarial LEarning .

Problem
Learn an image classifier th *

R —— TRADES
I = N ~ DALE
_90] ——
§ 45
> &
8 £
3 £
3 Zu
Brop
2 Z
g
5 E 35
5011 — 30
ERM Pe
8 84 86 88 90 €«
Clean accuracy
[Robey*, Chamon", Pappas, Hassani, Ribeiro, NeurlPS'21
.
Dual Adversarial LEarning .
tforn=1,...,N:
2 8, ~ Random(A)
3 fork=1,... K
4 ¢ ~ Laplace(0, )
5 8, + proj [én +n Vs Loss (fo (@n + 8n),yn) || + \/27/14
A
6 end

7 0+ 0—-nVe I:LOSS(fB(En)vyn) +)\LOSS<f9($n+5n)vyn):| ‘

8: end

9 A [A+n<%iLoss(fg(z1, +60),yn) —c):|

+

[Robey*, Chamon*, Pappas, Hassani, Ribeiro, NeurlPS'21

Dual Adversarial LEarning .

tforn=1,...,N:

7 00 nVo Loss(fo(.).un) + Aoss(fo(@n + 8.),un) | ‘

8: end

[Robey*, Chamon", Pappas, Hassani, Ribeiro, NeurlPS'21

Dual Adversarial LEarning .

tforn=1,...,N:

2 8, ~ Random(A)
3 fork=1,... K

4 ¢ ~ Laplace(0, )

5 8, + proj [5” +n Vs Loss(fgt (zn + 6n), yn) +4/ Zrﬂ(}
a

6 end

7 0« 60—-nVe I:LOSS(fg(:En),yn) +)\Loss(fg(a:n+6ﬂ),yn)} ‘

8: end

9 A [A+n<%ZLoss(fg(w1, +6n),yn) —c):|

+

[Robey*, Chamon*, Pappas, H Ribeiro, NeurlPS 21

TRADES DALE %

o
&9
® L S'F[
@
. .
.
o
P

HMC sampling:
&~ po(:@n, yn)

(]
1
« n
«
®
79
e ©
& -, %
® g5
3 ¢
.
©')
e ¢
SGD _
[
S 1
«
®
79
/’\‘. ©
& -, %
® g &
3 ¢
L]
©')
HMC sampling:
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Dual Adversarial LEarning

Problem
Learn an image classifier that is robust to input perturbations
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2.5
25 00 25 2500 25
PC1

[Robey", Chamon, Pappas,

ssan, Ribeiro, NeurlPS'21]

Dual Adversarial LEarning

2. 8, ~ Random(A)

3: fork=1,...,K:

4 ¢ ~ Laplace(0, I)

5: 8, « proj [6,, +1n Vs Loss(fo, (@n + 8,),yn)
A

6. end

8: end

[Robey", Chamon", Pappas, Hassani, Ribeiro, NeurlPS'21]

Dual Adversarial LEarning

9 A\

Hn(%\,ZLoss(fg(wu + 800 — c>:|
.

n=1

[Robey*, Chamon*, Pappas.

sani, Ribeiro, NeurlPS'21]

Dual Adversarial LEarning

1rforn=1,..., N:

2. 8, ~ Random(A)

7 0« 0-nVy [Loss(fg(a:n)-, Un) + ALoss (fo(n + 0,), yn):|

8: end

9 A\

A+n<%VZLoss(fg(w,, 80w — c>:|
.

n=1

[Robey*, Chamon*, Pappz

Hassani, Ribeiro, NeurlPS'21]
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HMC sampling:
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Dual Adversarial LEarning Yo @ 5* &
. I
1. forn=1,...,N: :°/
2 8, ~ Random(A) ©o
3: fork=1,...,K: T — 0:“PGD” @ ¢
[Szegedy et al., ICLR'14]
[Goodfellow et al., ICLR'15]
5: 8, 4+ proj [Sn +n Vs Loss(fgl (0 + 60n), yn) } [Madry et al., ICLR'18]
A
6 end %
72 0+ 60-nVe I:LOSS(fS(CDn)yyn) + ALoss (fo(@n + én),yn)} ‘ SGD n
(]
s end
3
N
9:/\<—|:A+n< Z 088 (fo(@n + 6n),yn) — ¢ ):| GA
n=1 +
«
®
[Robey*, Chamon*, Pappas, Hassani, Ribeiro, NeurlPS'21] 80
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Invariance - @ @
. ¢
Problem (®
Learn a classifier that is invariant to transformation g € G ®
)
N o ¢
L1
min Z Egom {Loss(fg (921), yu)} 3
n=1
« Identity %
« ShearX(Y), Flip, Rotate, TranslateX(Y), * .
G = Cutout, Crop
« AutoContrast, Invert, Equalize, Color, i
Solarize, Posterize, Contrast,
Brightness, Sharpness
«
®
[Hounie, Chamon, Ribeiro, ICML'23] 81

] . O. ©)
Invariance Y. @ 8’ &
. ¢
Problem O,
Learn a classifier that is invariant to transformation g € G @

grm [LOSS (fs (92n), yn )}

« Identity
G = « ShearX(Y), Flip, Rotate, TranslateX(Y), Cutout, Crop

+ AutoContrast, Invert, Equalize, Color, Solarize,
Posterize, Contrast, Brightness, Sharpness

[Hounie, Ghamon, Ribeiro, ICML23]

Invariance &

Problem
Learn a classifier that is invariant to transformation g € G

Egpio-l@num)

N
Z [/LOSS fo(gan), yn)

« Identity
G = « ShearX(Y), Flip, Rotate, TranslateX(Y), Cutout, Crop

+ AutoContrast, Invert, Equalize, Color, Solarize,
Posterize, Contrast, Brightness, Sharpness

[Hounie, Ghamon, Ribeiro, ICML23]
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Invariance CE -
B
Problem '\/
Learn a classifier that is invariant to transformation g € G @
o ¢

L : & © .
Training on a subset of ImageNet-100 Ve @ & 4
B
60 ~ Uniform @O
= o ¢
3 40
s
&
20
1 25 5 10
Training samples (%)
®
[Hounie, Chamon, Ribeiro, ICML'23] 82
. Ce© .. %,
Invariance G g [
. ‘
Problem (®)
Learn a classifier that is invariant to transformation g € G ®

N
mgin Z mdx LOSS fa(gzu) yn)

* Identity

« ShearX(Y), Flip, Rotate, TranslateX(Y), Cutout, Crop

« AutoContrast, Invert, Equalize, Color, Solarize,
Posterize, Contrast, Brightness, Sharpness

[Hounie, Ghamon, Ribeiro, ICML23]

Invariance e

Problem
Learn a classifier that is invariant to transformation g € G

nLiu Loss fe T0),yn)

Egpio (@ yn)

N
o
subject to Z [/LOSS fo(gxn), yn) <c

- ldentity
G = « ShearX(Y), Flip, Rotate, TranslateX(Y), Cutout, Crop

+ AutoContrast, Invert, Equalize, Color, Solarize,
Posterize, Contrast, Brightness, Sharpness

[Hounie, Ghamon, Ribeiro, ICML23]



Training on a subset of ImageNet-100 . - e
o & “
60| | W ~ Uniform  mmm g ~ 0 | ®
g o
g
g 10
©
20 » _
1 25 5 10 %
Training samples (%)
{Hounie, Chamon, Riber, CHLZ3 as

Not all transformations are created equal °

.
First Epoch Last Epoch O] .
~e
w 1.0 = TranslateX () \
E 0.8 ShearY
£ —
g ——— [ = orihness
° 04
£ mmmm — =
§ 02{ — —rosterize 3
13 W Sharpness °
a W Solarize
CIFAR100 CIFAR10 : CIFAR100 CIFAR10 |
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Probabilistic robustness S ]

Constrained learning for robustness D ® " 8 5
o & “
Problem °

Learn an accurate classifier that is (mostly) robust to input perturbations

N
min % Z Loss (fo(@n), yn)
‘ n=1

~

. 1

subject to ~ Z; \'ﬁ\lixiz LDSS(fe(wn + 5)~yn> <c
n=

®

[Chamon and Ribeiro, NeurlPS'20; Robey et al., NeurlPS'21; Chamon et al., IEEE TIT'23] 90
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Not all transformations are created equal = . . @ &
A
CIFAR100 CIFAR10 ¢ ‘
1000 N
Translatey %
o o 10 20 30 ° 0 10 20 30 ©C
250 () ¢
Shearx I|I||||““"|I|I »0 " “““II“II
° o 10 20 30 ° o 10 20 30
250
° o 10 20 30 ° o 10 20 30 %
200 250- .
Brightness |" |||" I »
o o 10 20 30 ° o 10 20 30 i
100 100 2
Sharpness [T I — Ik
° o 10 20 30 ° o 10 20 30
Transformation Levels S
®
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Identifying” invariances ¥ e @ @ [
2
e ‘
L]
Synthetic Invariance ON
Dataset Dual variable () Rotation ~ Translation ~ Scale CYIN
MNIST Rotation 0.000 2.724 0.012
Translation 1.218 0.439 0.006
Scale 2.026 4.029 0.003 2
%
F-MNIST  Rotation 0.000 3.301 1.352 0
]
Translation 3.572 0.515 0.441 )
Scale 4.144 2.725 0.904 ?E i
<
®
[Hounie, Chamon, Ribeiro, ICML'23] 87
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Constrained learning for robustness Yo @ &
e @ o
Problem .
Learn an accurate classifier ** " " ®
e C
£
_ 90 —
S
; >45
§ E 0 (B
©701 — g ®
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501 — \ ; E
ERM PGD TRADES DALE
8 84 86 90 92
Clean accuracy K
®
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Softer” robustness Y
®.8
« Softmax or log-sum-exp [Lieta. (CLA21] .
%log (JEGNm |:87 Loss(/g(m+5]d,) }) ©c
o ¢
= 7 — 0: classical learning
= 7 — oo: adversarial robustness
* Ly norms (Rice et al., NeurlPS21] 6
LT O
Est“Loss(fs(:ché)‘y)‘ } .
= 7 = 1: classical learning %
= 7 — oc: adversarial robustness
«
®



“Softer” robustness

« Softmax or log-sum-exp [Lictal. (CLR21]

Lie (JE(M [67 LOSS(me),y)D ©,,
- ‘

* Ly norms (Rice et al. NeurlPS21]

Esmm [ [Loss (fo(x + &),y

© Computationally challenging

© No guaranteed advantages

Towards probabilistic robustness

)"

. ‘
1 a .
mgin i Z:l [t(wu.,l/u)] ©r3
subject to  Loss(fo(xn + 80),yn) < Han, yn) &7
Loss(fo(@n + 61),un) < H(@n,yn)

Probabilistic robustness

Espio(-fa.y)

min E,y)

L s i
ass(fe(w+ ),y) min ]E(w,y)[

Esepio(-lm)
Loss(fe(m+6),y)] o

Loss H Loss b
1 H
1 i
1 H
1 H §
1 | .
H H
1 i i
H H
ol e Iolc : %
‘
®
[Robey, Chamon, Pappas, Hassani, ICML22 (spotlight)] 94
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Probabilistically robust learning Y @
®.0
L]
tforn=1,..., N @r
2 ap= o C
3 fort=1,..., T
4 &, ~ Random(A) SGD (CVaR)
5 aea——(r—]l[Loss(fg(mu+6:) y.L)ZaD
6 end
7 0 6-nVg [Loss(fe(zn +01),yn) — a] ‘ SGD (8) °
N .
-~ ¢
~CVaR, _ [Loss(fo (an+6),un)) 4
8: end %
‘
®
Shamon, Pappas, (spotlight)] 96

Towards probabilistic robustness . r\ -
e @ o
mgin ALVZ [((w,,,y,.)] .
subject to Loss( o(@n +80),yn) < Hwnyn) ® -
Loss (fg(I,, +61) 1/,,) < @, yn)
Loss (fo(@n + 8,3),yn) < tH(@n,yn)
Loss(fo(xn + 6c),y. ) < t(xn,yn) A
Loss( fe ) . >
.
Probabilistic robustness . [
« Probabilistic robustness ° ;
min 77—025&52;) Loss (fo(x + 9), y)J ®
= 7 = 1/2: classical learning C : ¢

= 7 = 0: adversarial robustness

max K
‘ L
resssup |- - - N s

Peou[W] = d
®
[Robey, Chamon, Pappas, Hassani, ICML'2: 93
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Probabilistic robustness and Risk * e &
L]
« Conditional value at risk: ®
CVaR,(f) = E. [f(2) | f() > = (p)] o C
E. z) —a
= inf a+ 7[”( ) ]4
a€gR 1-p
= CVaRo(f) = E-[f(z2)] R
* CVaRi(f) = sup, f(2) @
[
Proposition 1
CVaR is the tightest convex upper bound of T-esssup, i.e., %
r-esssup. [(z) < CVaR, (/) with equality when p = 0orp = 1.
«
®
[Shapiro et al. Lectures on Stochastic Programming, 2014; Kalog etal., IEEE ICASSP'20) 95
O, .
Probabilistic robustness S @ G
&/ . 3 .
« Probabilistic robustness r .
min T-esssup Loss( fo(x + 8),y
i |esssup (fol ) J)} ®
= 7 = 1/2: classical learning o ¢
= 7 = 0: adversarial robustness
= Potentially better sample complexity max ‘I 2
%,
[Robey et al., ICML'22 (spotl
{Raman et al., NeurlPS \ Tesssup p oo g - 7. - °

= Better performance trade-off

[Robey et al., ICML22 (spotlight)] @ / \/

[Robey, Chamon, Pappas, Hassani, ICM
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Probabilistically robust learning * e & [ Probabilistically robust learning G &
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95 ® 95 ®
= 80f = o) ~ 80 o)
g = e g < e
g %0 8 g %0 g o
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5 8 ] 3 40
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80 0 80 0 0
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Summary . 8 Summary . PR
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« Semi-infinite constrained learning is a tool to enforce worst-case requirements ® « Semi-infinite constrained learning is a tool to enforce worst-case requirements
e.g., robustness [Robey et al., NeurlPS'21], iNVariance [Hounie et al., IcML23), SMoothness [Cervio et al., IcML23). . .
« Semi-infinite constrained learning... « Semi-infinite constrained learning...
(] (]
* ...but possible. How? i + ...but possible. How? i
. «
® ®
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Summary e @ R Summary . a
2 {
& ‘
. L]
+ Semi-infinite constrained learning is a tool to enforce worst-case requirements ® + Semi-infinite constrained learning is a tool to enforce worst-case requirements ®
e.g., robustness [Robey et al, NeurlPS21], iNVariance [Hounie et al., ICML23], SMOOthNEss [Cervirio et al., ICML23). . . o e.g., robustness [Robey et al., NeurlPS'21], iNVariance [Hounie et al., ICML23), SMOothness [Cerviio et al., ICMU23). . . ] ¢
e )
« Semi-infinite constrained learning... « Semi-infinite constrained learning...
Learning problem with an infinite number of constraints Learning problem with an infinite number of constraints
®
(] [
* ...but possible. How? i + ...but possible. How? i
Using a hybrid sampling—optimization algorithm or, in the case of probabilistic robustness, :
a tight convex relaxation (CVaR) (robey et al.. IcML22]
i «
® ®
99 99
LSO
OB -
Agenda e @ R S
& )
(&
|. Constrained supervised learning ¢
= Constrained learning theory ® 5\
= Constrained learning algorithms L
= Resilient constrained learning
Break (10 min)
Il. Constrained reinforcement learning 5
(]
= Constrained RL duality .
https://luizchamon.com/sgm i
= Constrained RL algorithms %
Q&A and discussions .
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